Limits
Definitions

Precise Definition : Wesay lim f (x)=L if
for every ¢ >0 thereisa 6 > Osuch that
whenever 0<|x—a|<& then|f (x)-L|<e.

“Working” Definition : Wesay lim f (x) =L
X—=a
if we can make f (x) ascloseto L aswe want

by taking x sufficiently closeto a (on either side
of a) without letting x=a.

Right hand limit : lim f(x)=L. Thishas
X—a

the same definition as the limit except it
requires x> a.

Left hand limit: lim f(x)=L. Thishasthe

X—a-
same definition as the limit except it requires
x<a.

Limit at Infinity : Wesay lim f(x)=L if we
can make f (x) ascloseto L aswe want by
taking x large enough and positive.

Thereisasimilar definition for lim f(x):L

X—>—0

except we require x large and negative:

Infinite Limit : Wesay lim f (X)=if we

X—a
can make f (x) arbitrarilysargeyand positive)
by taking x sufficiently clese tofa (on either side
of a) without letting x=a.

Thereis asimilandefinition for lim (x) =—om

X—a
except we make f)(x) arbitrarily large and
negative.

Relationship between the limit andiene-sided limits

limf(x)=L = )!LT f(x):)!LrEf(x)zL

X—a

x—at

XILT+ f(x):)!LrEf(x)zL = limf(x)=L

X—a

lim f(X)i)!LT_f(X) = Ll_rglf(x) Does Not Exist

Properties
Assume lim f (x) and limg(x) both existend c is any number then,

X—a

1 lim[cf (x)]=clim f (x)

X—a X—a

2. lim[ f(x)£g(x)[&limf (x)£limg(x)

X—a X—>a X—a

3. lim[ f(x)g(xNlim f (x) limg(x)

X—a X—a X—a

4.

im f(x) _Ixig;f(x) rovi img(Xx)#
i | o o ot =

fim[ £ (x)]" =[lim f (x)|
il 709 J=4lim 7

Basic Limit Evaluationsat + oo
Notesgn(a)=1if a>0 and sgn(a)=-1if a<O.

1. Mime*=c0 & lime*=0
X—®0 X—>— 0
2. limin(x)=» & xI|_>r(r)1ln(x):—oo
3. Ifr>0then|im£r=0
X—0 X

4. If r >0 and x"isrea for negative x

then Iim R:0

X—>—00 X

5 neven: lim x"=ow
X—>t o0

6. nodd: Iimx"=o0w & |lim X"=-ow
X—>©0 X—>— 0

7. neven: lim ax"+---+bx+c=sgn(a)w
X—>t o0

8. nodd: limax"+---+bx+c=sgn(a)x
X—>00

9. nodd: lim ax"+---+cx+d=-sgn(a)w

X—>—0
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Evaluation Techniques

Continuous Functions
If f (x)iscontinuousat athenlim f (x) = f (a)

X—a

Continuous Functions and Composition
f (x) iscontinuousat b and limg(x)=b then
X—a

lim f (g(x))= f (limg(x)}= f (b)
Factor and Cancel
X2 +4x-12

lim=— "% —lim
x->2 X —=2X X2

(x—2)(x+6)
X(x—2)
X+6 8

—lim22-%_4
x-2 X 2

Rationalize Numer ator/Denominator
|im32_*/; =Iim32_\/; 3+
x>8 x* —81 %9 x* —81 3++/x

. 9-x . -1
=lim =lim

Xﬁg(x2—81)(3+\/;) Xﬂg(x+9)(3+\/§)
11

(18)(6) 108
Combine Rational Expressions

. 1( 1 1) 1 x=(x+h)
lim=| —-=|=lim=| ———~2
oh{x+h x) moh( x(x+h)

TP LI T~ Sty
~hooh x(x+h) _fHOx(x+h)_ NG

L’Hospital’sRule

f(x)_o

X—>a g(x) 0
lim f(x) =lim f (X) aisanumber, o« or —oo
X—>a g(x) X—a g’(x)

Polynomials at Infinity
p(x) and q(x) are polynomials. To comptite

p(x)

lim ﬁ factor largest power of x @ut of Both
X‘)iooq X
p(x) and q(x) and then campute limit.

2 4 4
34 X(‘XT) 972 3
I|m—2 = lim s = lim - -_=
x—-o0 Gx — 2X X208 X2 (Y_ ) X0 2 — 2

Piecewise Function
XX +5 ifx<-2

l h E
fim, o x) Were 6 (x) {1—3x if x> -2

Campute two one sided limits,
fim g (%)= lim x*+5=9

X—>—2 X—>—-2"

lim g(x)= lim1-3x=7

x—>—2" x—>—2"

One sided limits are different so Iirng(x)

doesn't exist. If the two one sided limits had
been equal then Iirng(x) would have existed

and had the same value.

Some Continuous Functions
Partia list of contiftieusfunctions and the values of x for which they are continuous.

1. Polynomialsfor al x:

2. Rational funetionyexcept for X' sthat give
divisionpyazero.

Uxiedd) for all x.

Ux(neven) for all x>0.

e \for al x.
InX for x>0.

SO Uk W

7. cos(x) and sin(x) for al x.
8. tan(x) and sec(x) provided
3t ©m mw 3

X¢...’__’__’_’_’...
2 22 2

9. cot(x) and csc(x) provided
X#-,=2n,—m,0,m,2m,- -

Intermediate Value Theorem
Supposethat f (x) iscontinuouson [a, b] and let M be any number between f (a) and f (b).

Then there existsanumber c suchthat a<c<b and f(c)=M.
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