" ENGINEERING MATHEMATICS—2006 |
Time : 3 Hours | ' ' o " ) ~ Full Marks : 70
o The figures in the margin indicate full marks. '
Candtdates are required 1o give their answers in their own wdrds' as far as pracncable :

Note : Answer the foIIowmg quesnons as per dtrectton ‘ ,
1 Answer any ten questions from the followmg . : C10x1=10

o o1 : : |
(i} - Rank of thematrix A=‘(; —il —IIJ is~—(a)4 ®3 )2 @1 -

S P 1 1
Anms. Rank of the matrix A =(1 | —1]
v - , - 3 1 1

1»11~R’R111R_R~|11
1 -1 -l ~—3R’ 0 -2 21 ~——2910 -2 -2| Two non zero rows.

'31~I 0 -2 =2 0 0 0
. Rank = 2 B
2 0 1 | -
(ii) The value of t for which the matrix (5) ; % is singular is——(a)% ®2 (1
(d)‘g
Ans. A matrix T i is singular when det (T) =0 -
’ 2 0 1) o
Let A= t 3 -~ det (A)?O
, o 3 .
=20 9) - 5(-3) = 0
,_=>2t—18+15 0
3 . : ‘ ,
=tz ’ -
2 ,

(m) The equatlon X+ y +z = 0 has—(a) mﬁmte number of solunons (b) no solutlon
(c) unique solution (d) two solutlons :

Ans. The equation x + y + z = 0 has infinite number of solutlons

(w) The value of k for whlch the vectors (1,2, D, (1, 1) and (1, 1, 2) are lmearlv
dependent is ,

@2 ®}% C@-1 @3
67 B
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12
k 1
1

b e s

Ans. The vectors (l 2 l), (k l l) and (l 1 2) are lmearly dependent then

f CRES 5

L

: » 2
>@2-1)- k(4 D+ 12- 1) 0 =k=3
. The elgenvalues of the mamx A are a and b then the elgenvalues of A2 are -
(d) aa ¢ s

)
(a) ab, b2 b alb. (c) a%, b?
Ans. The eigen values of the mamx A are a and b and let x be the elgen vector
" AX = ax SRR -
= A = a(AX) = a(ax) = a2x .. a2 is the eigenvalue of A2
~. Eigen values of A2 are aZ and b2, -

“Similarly b? is the eigenvalue of A2 -
(vi) If a linear transformation T : R? - R? be defined by T(x; . Xp) = (X] . X,), then

Ker(T)is . _ _ |
C@A{CL-D D) {02 (L ) @00y @ (e 0

Ans. Let (x,y) € ker(T), then T (x, y) =(o‘, 0)

=2y =0,0 SLx=0,y=0
(vii)' The mterpolatmn formula which can be used to find a polynomlal from followmg

data : '
X ' 0o 1 2 4
y: - .3 .9 17 22
1s——(a) Newton s forward interpolation formula (b) Gaussian mterpolatlon
formula (c) Lagrange’s mterpolatlon formula (d) Newton’s backward interpolation

formula.

Ans. Lagrange’s interpolation formula. ; o
(viii) Which of the following is not true (the notations have lheir usual meanings)?
-1

.(a)A=E—l ®A.V=4-V () 4=4+V  ()V=1-E

Ans. (c) o =A+Y, is not true. -
lf E, is the absolute error in a quantity whose true and approxnmate values are

- (X))
gnven by x, and x,, then the relative error is given by
E .

I’E_ . Ea |
Ol rx IR Y = (@ 1E,|
Ans. Absolute error E, = true value approxxmate value
=E, =X~ X, '
. o x, - E
Relatxve Error =t a3
: : X, Xt
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(x) L{telt} is equal to ,
I o

(b 2s - 27 © s WD
j , s
Ans. We know L(t“);-_'_r.‘_!_ L(t) ,-2‘ :
: ’ n+1l- .
L{ea_tf(t)}':?(s—a)' oL {t ez‘}:?(s—‘Z'-)
<\ -1 2'=—._.’~_-
Whef1,t(s);L(t)=;2_ _— L{tel‘} f(s-2) P
s 1.
(xi) L {2 z}ls_equalto
ColsT +a”
‘ : : ) : v
(a)—l—tsin at b) —]-'tsin at (c) —3 smat (d)cosat .~
2a , a . A | hd
] . <
Ans. L { 3 }—cos at
s +a”
o fsinty L Sif] i
(xii) L{w}ﬂan 'H. Then L[ *)is
t Ly .t -
af 1) U Lfa) oAy o
@ L]y |- (ytan | —] - (dytan | 5|
ST | s, » as. \s" +a”

Ans. We know, if p_{f(d} - f(s), then L{f(at)} =% ?(3) .
Given. L{S':t}—taq 1(]) = L{f(t)} = f(s) where f(t)’\—- f(S)—ta“ li
Then 112t %";ta*) ot a‘} st} = f(i) - tan '(g)

o)
-

dy
(xm) The general solution of the ordmary dxfferentml equation. I——* 4y =0 (where A
, X

~ and B are arbitrary constants)

“(a) Ae?* + Be X ~(b) (A + Bx) e>

(c)Acost+Bsm2x T - L (D(A+Bx)cos2x

&y S :
Ans —2—‘+4V=0
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=>Dly+4dy=0
=D +4)y=0
AE.D2+4=0
-D=x2i=0£2i : : .
" The solution y = (A cos 2x + Bs in 2x) eo" = A cos 2x. + B sin 2x
-(xiv) The degree and order of the differential equation

3 N
o d 2 .
: dx dx ,

 (a) degree = -;— order=2 - (b)degree=2, order=3
' (c) degree = 3, order =2 E (d) degree = 2, order =1

| N v \5_ (d 37 ‘v )2
Ams. |4y P& L4y, =x2(_y)
o) e T g ) T ax

-."The degree is 3 and the order is 2.
2, Answer any five questions from the following : - o 5x3=15
. () Prove that . ' : L

bc al ca— b2 ab—c’-2 -
lea~ b? ab-c¢? be- hz‘ = (a3 b3+l —-'Sa_bc)
2 2 éa—’bz .

: ab-—c bc-a“

Ans We know from Jacob; theorem :

A = [3j)n « n DE @ Square matrix and A be the cofactor ofa in det(A) then det (A i is
said to be the adjoint of det(A). N . ,

Jacobi theorem states that det (A, ) [ det (A)" !

‘ a b c ‘
We let JAI: b ¢ a =—(a' +b. +C "‘,3359)
. : c a b ‘
: be - ai ac-l';i -ab- cf »
'.v';adjomt ofAl- ac-b’ ab-c¢ be- a;
ab ¢ bc-a" ca-b

1
= [ det(A)) = (a3 + b3 +¢3 —3abc)? : :
- (i) . Prove that Au = 3x(x — 1) when u = x(x - l)(x -~ 2), interval of dlfference
- being unity and A heing the forward difference operator. *
Ans.u=x(x - )(x-2)
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Au = u(x +4) — u(x) -

={x+ 1)(x)(x D —x(x—« 1)(x 2)=x(x-x+1-x+2)= 3x(x— D
(m) Does § = {(x, y, Z);Xx+y—z= 0} form a subspace of R"’ Jusufy

Aans. Leta= (a] Qy, a3) ES and B (Bl’ BZ’ B3) ES
Theﬂ a""az (x;-—()and BI+BZ B3—O

71

aq + fb = (ac;, ac,y, aa;) -+ (bB;, sz, bB;) = (aal + bB‘, ao,y + bf,, aay + bBs)

Now, (ac; + b)) + (acy + bB,) - (a3 + bB3)
v—va(a,+a2—a3)+b({3,+[32 B;)=a0+b.0=0
.aa +BbeS . ' :
~Sisa subspace of R3.

(w) Solve the toﬂowhg differential eqmmon

(2]
y dx' dx

xd d
Ans. y= Til +(—X) }

dx
dy
:p +pXx—-y= 0 ..... 83 = =
dx
Diff. w.r. to x.
p dp _dy
2 AP+ X———=—=0
Pax P x;dx' d
dp
or, (2p*x)——-—+p p=0 o (2p+x) = —&——'—0:>p'-c :
X .
'.'.From(l) c2+xc —-y= 0 ory—cx+c and2p+x—0¥
N x ‘ .
=pe-g
% 'xz
From(l)——-.-——'-y 0 :>4y+x =0

2

. The general solutxon isy=cx+ c2 ang smgular SO‘UUC’“ is dy+x?=0.

.’ (v) Find L™

(s +az)(s +bz)

Sol.: L7 21'2-2','«2}}
. (s+a S+b b—-a s4’~a s +b
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L -1’ N D 1-1[ a Jl-][ b J}
= —L |—== ~—L .
b —a} Ls +a s +b :l b?;az {a. '52+a2 b . 52+b2

o1 [sm at sin bt_]
b -2 L a b

RO A(@):(“’*‘”‘-9 “si“e) show that A(9)A(¢.) =A@)A ) =A (O +9)

Asin® cosH
' o oy _[cos® —sin@Y(cosp —sing) .
Sol. : A(®) A(¢) = (sine , cose ) (sind) COS-¢ ) . .

_' (cos8 coshp—sin¢ sing - cos@ sing —sin® cos«b) 0§(9 +¢) “Siﬂ(e‘*-'d') : :
~\8inB cosp —cos¢ sing  -sin® sing+cosd cosdp ) | sin(B +4) cos(6+¢) )T AB+4) ,

Similarly A(¢) A(6)= A($+6)
(vii) Find L{e' sin t cos ).

Sol. L{et sint cQSt} = -;-"L{et sin Zt} =% ‘L{eit f(t)}, where f(t) = sin 2t = %’t_”(s— D
f(t) = sin 2t ’ o '
f(t) = L{sm 2t} or f( )= 22 ——
s +4
21

. ' ]
. I.{e sint cost}:i—-

2 v(s.——lv)2 4 52 ._25+5 -
avw 7~ 4
(viii} Evaluate f ‘F Jx if the interval of d;ference is 2, where A is the . difference

"~ operator fwd is ‘the shift operator R ' &

P

PA 2 {1 V)
Sq BN i B L - -
;r} HEG)R (_(>.). -2 = afafis-27)
= A xz (x-2)? ] = Ax—4) = Aldx) - A4) = A(4x)
= 4A(\) = 4(>‘+4. x) =3
% Auswer any five questions from the folowing : . - 5x3=13

(}{a) Find the rank of the rectangula;; matrix :

» (1’ 32 4 1]

. - Jeo 220
1262 6 2
!\3_9 110 6)
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(132 4 1

oo 2 2 0
Sol. : 262 6 2
391106

(1 3.2 4 1 1 3.2 4 1
A loo 2 2 o AR loo 2 2 0.
R,-3R, [0 0 22 =2 0| R/+R, |00 0 0 0

0o-5-2-3 4 2{00-30"

o
w

‘ There are 3 non zero rows. - .. Rank =3

(b) Show that.every square matrix can be expressed as a sum of a symmetnc and
skew-symmetric matrix. : ) - 5+4= 9
Sol. : Let A be the square Matrix. ' i
A-+aa=d [A +AT;A-AT,]
2 21 ‘

el o

i (a7 a0}

PT,=—1-(A+AT) vzl(AT+A)=P
2 2 _

. P is symmetric matrix.

f and,6T=%(A'—AT) ;~(A -A)= 2(A A) Q . =—"‘QT |

: Q—ris a skew symmetric matrix. -
L A=P+Q= (A+A ) ;(A-—AT)'
(i) (a) Solve, if possible : -
x+ty+z=1
2x+ty+2z=2 .
3x+2y+3z=5 o
Sol. : The co-efficient matrix A and the augmented metrix B of the equatlon are '

1 1] | N
A={2 1 2| k=21 2 2
3 23 32335

1y ROR (11 R 4R  1 ,.'1 1oy
202 20 =20 -1 0 o —2"i500 -1 0 0
3723 5) Ry=3R {0 -1 0 2 0 0 0 -2

Rank of A=2,Rankof B=3 .. RankofA » Rank of B-
". The equations have no solutlon ’

+
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(b) If a matrix A is invertible and its cigenvalues are 4, 3\.2, Jo— L A’
1. show that the cigenvalues of B are :
1 1 1 e . L
Ty Ty sesees ¢ — i . . R 4+5=9
AA, A, : , L : :

- Sol. : Since A, i=1,2, ... n are the eigen values of the matrix A of order n.

» Néw, ’A’l l —ll-‘—
o N P |

s !Afxix [=o

.

| ( : —’In.)l‘n'det(A){(lAﬂ ")A"»HA' _‘lzo

‘”,ﬂ,”,s that k are the eigen values of A1,

(iit) (a) Prove that the set of" all secand order real square matrices is a vector space

with respect to matrix addition and multiplication by a real number.
(b) A linear transformation T : R3 — R2 is defined by \
T, y.z)= (x +y, x — ). Find its rank and nullity.

: 4+5=9
(iv) (a) Find the ipterpolating polynomial whlch corresponds to the following data :
' X: -1 -2 , 2 4
() : 3 -9 169

. Hence find f(0). ‘ ‘
(b) Find f(x) where Af(x) =x2+ 11x + 5, interval of dlfference bemg unity and
A is the forward dlﬂ’erence operator S 5+4=9
0.7 i

v (@) Evaluate _[ (e +2>~) dx by Simpson’s one-third rule takmg 6 mte:rvals correct

to S-declmal places. Write the general error term in simple Simpson’s one-
third rule, in terms of the numbers of mtervals (n) and the spacings (h).

, 4+1=5

- 2

‘(b) Find L~ { ' }
: (s+l)

_(vi) (a) Find L{F(t)}, where

F)=1  ift>a
=0 - ift<a
-where a is any posmve real number

(b) Solve the followmg differential equatlon usmg Laplace and inverse Laplace'
. Transforms :

[t '—-1)y=acOsh nt
where y(0) =0, y'! (0) =2
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(vii) (a) Solve the fo!}owmg dlﬁ'erentlai equatlon

dy_dx_x_y
B dx dy y x \ 4
(b) Apply the method of variation of parameters to solve
2 B : .
d
: 445

(viii) (5) So!ve e*sinydx +(e*+1)cosy dy 0. .

75

='9

(b) State the convolution theorem of i mverse Laplace Transform and apply the

theorem to evaluate
‘ -~

-1 s

‘(21)'2v ' N  4+5=
. s + ) ' . . ) .

Soi._ :‘3.(iii)(a).‘ Let V be th¢ set of all second order real matrices and A, B,I CeV.

- Now, (i) A + B is a second order matrix. A+ BeV
‘(n) A+B=B+A - + Matrix addmon is commulatwe
(i) A + (B +(C)= (A + B) + C - Matrix addition is associative.

(lV)A+02x2—Aand02x2€V

(VA-A=0
= A+ (-A)=0
=>A+D=0

"wh'enD=—A=(~) cv
i /5,9

. For each A there exist D eV such that A + D O,x 2
(vn) CA= (Ca )22 lS a second order matrix.
~.CAeV *
(vn) c(dA) = c(da“)zxz (cd au)zx,_ cdA
(viii) (¢ + d) A = [(c + d) a"],_xz (cau),xz +(dau)2,(2 cA+ dA
(1x) ¢(A+B)= o(alJ + bu) (ca“)?_xz + (cbu)2x2 cA + cB

(X)l A= (lau))_xz (au)2x2
1 eR '

-, The set V' forms a vector space.
Soln. : 3.Gii)(b). -
Rank of T=dim (1™ T) -~

9
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" Nullify of T = dim (ker T)
Let (x,y, z) € ker (T)
Then T (x, v, z) =(0, 0)

on(xty,x-2)=0,0" "~or,x¥y-=0~éndx-z=.0 .
The solutxon is :z%-::%l—zk (X, Y. 2) = k(—l 1, -1), keR
LkeM=L{11,-1)} - cdim (ker T)-l S Nullity=1

“we know dim (ker T) + dim (ImT) dim R3
=1+dimI™T) =3 =dim d™T)=3-1=2  .Rank=2
Soin. : 3.(iv)(a) Wg know from Lagrange’s in tetpolatioq formula

[x-x )(x—xz)(x—rxj) } R ((XA"‘O‘)(X;Xz)(X“Xs)“’_.y,.
) (X -—»x,)(xu—x’l)(xo-.xﬁl ’ (xl—xq)(xlf)fz)(xifxz) l _ o ‘
| (x-—xo)(x—‘x])(,(\-%)_: I \0)(\ 5 Jx-xy)
+- - - xy2+ XS
(x, “"o)(xz'“x;)(x’z fxé) A 4("3"—"(’))("3 "Xr)(xs =%,)
X+ 2 - 2)(x~4) . L (x+1)(x - 2)(4~ 4) -
ST i (2+D(2-2)2-4) o
(x +1){x +2)(4 - 4) ”~ (x+1)(x +2)(x—2)
(2+I)(2 2)(2 -4) (4+1)(4+")(4 2)

(>~)

69

«(~9)+

(x -4)(‘)& 4) (x ~3x~ 4)(x 2)-3 (x —3x——4)(x+2)xll '(x —4)(x+l)

o + + %69 .
BE : g , T2 60
X" ~4 (4x- 16+69x+64) | x* ~3x—4 (Ox—18-[Ix-22) " ‘
f(x) = . + T
5 4 8 3
68 -3’ 1omxs1ss f(0)= 188 _ 47
B 60 R ‘60 15
Soln. : 3.3iv)(b). Af(x) X2H1X+5 . )

‘Since Af(x) is a polynomial of degree 2

Let f(x) is a polynomial of degree 3.

Let the form of f(x) = ax3 + bx? + cx + d T Af(x) = f(x + 1) f(x)
=ax+ 1P +b(x + 12 +c(x+ 1) +d— (ax3+bx2+cx+d)

‘ = ax?+ (Ba+d) x2 + (3a+2b+c) x + ¢ +a+b+d- (ax3+bx2+cx+d)
‘"3ax2+(3a+2b)x+a+b+c ...... (i1}

N 4
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Compéring (i) and (ii)
3a=1 ......... (iii)
3a + 2b =11 ... (V)

I

Ly | —

at+tb+c=S5 i (V) A2

b=1 (11-3a)=2(11-1)=5

|
2
1

c=5—a—b=5~lw5=—— f(x}=—1»x3+5x2—lx+d
3 Jien 3 3

Another Method : We first express Af(x) in term of factorial notation.
I I 11 5

o 1

I 12

0

1

2

5 Af(x) = x@) + 12 x(D

3 AR ) S .
S xm+%-x“'+d =%x(x—l)(x—2}+6x(xvl)+5.x+d

ttx)=% % +—f
= 1x3 +5x2 -ix+d
3 3
Soln. : 3.(v)(a).
2 07
et b= J.(ex +2x) dx
0.1

Here x, = 0.1, n=6,x,=0.7, h=

f(x) =e* + 2x

X f(x)

0.1 1.3051709
0.2 1.6214028
0.3 1.9498588
04 2.2918247
0.5 2.6487213
0.6 3.0221188
0.7 3.4137527
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We know ftomlsimpson’s 1 rule.
h .
1—:[)0+4(yl+v +y )+2(v +y )+y6}

, =9;— [1.3051709 + 4 (1 6214028 + 2. 2918247 + 3. 0221188) + 2(1 9498588 +2 6487”13)
+3.41375 7} =1 38858”’3 | '

"Error term in Snmpson s rule is ——%)- y (g) where X, < < L

i ) os o) v T2 !
S(}!n.' : 3.(V)(b)- L {(s+1)5} L {(84")3 (S+])+ (s+’)5 } )

»A‘qot_her Method : iIf f(s) = i - then ity =e* ¢}

L {s+1)
' ¢t 'eu‘ti
If fis)= : then f(t) = ——— = ,
s+ ©==3 24

. We know L“{s“?(s)};—din )
i d

. t ’
ol a2 o ] At
P L =L s e =

(s+1) SO CE VAN B S
V 2 ~t 3 -t 4 -

 Soln. : 3.(vi)(a): L{F(t)} = Ie‘s«‘ F(t)dt = }e“s-‘ F(t) dt + j e™ F(x) dt

- N ’, V o . - o S ae
» : 28t e ™ 1 I | e
=0+je dt=——| = m =0 o =
: A4S Lese lg 0 ™ s

: a a
Soln. : 3.(vi)b). (D? -~y =a cosh nt ‘
Takmg‘the laplace transforms on the both sides

S y_SY(O)_y (0)—Y-=a'.2 3
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o2 0\ . as. R as - _ ‘
or, (s —:l,)y—2= 7% or, (s ~1)y=2+'—2-————5 or. Yy T +—= N7
¢ o )

2 ; - .2
— s 5 i o 7 a $ s
SR N b S e S e el e tany Mt el O e s
. $ -—n-rr‘s -t —li , s ~1" n--=11{s -

2 E
1 a -1 S “s
Taking Laplace mverse transforms y—’L { 5 2}+ 5 L { T3 T3 }
\ i n -1 s TosT -l

. - a
- =2-sinht+—

dy dx _x y o 1 X~yl:“ __dl]

seve o S TR R ) r’ —— e 2 =
Soin. : 3 (vn)(a) dx dy y x P Py X dx |
_ xY. LY _X " X_0

or,p -|——=1ip-1=0 or,|p p+ 0 or,p —0 and or, p+

, \ YA %) ; Y
- dy x | dy  y : (¥ | dx
or, ———=0 o, —+==0 r dy — =0 or ““*’_—O

aTyt om0 onydy-xdx= y

Integrating y2 ~ x2 —c, = 0 Integrating xy'— ¢, = 0
. The general solution : (y? - x? — ¢, }(xy - ¢,) =0
’ L2 N '
. dy 2
Soh. ¢ 3.(vii}(b) —5 +4y = 4 sec” 2x
dx -
To find C. F.
Auxmary equation is m’ +4 0 =>m= :t21
. C. F is ¢} cos 2x + ¢, sin 2x = ¢y, + czyz [yl =.C0S’ 2x 'Y, = sin 2x]

cos 2x sin 2x

~2sin 2x 2 cos 2); =2

_To‘ﬁnd?. F.W=

- PL=y J- sin 2x. 4sec 2xd ty }‘COS 2\4sec 22X dx -~
e 2 2 . o

=2 c0s 2x [sec 2x tan 2x dx + 2 sin 2x [ sec 2x dx_

) . - : 5
- 2 cos 22X‘SCC <X +2 sin zx_;_ log (SCC 2x +tan 2X)

= =] +sin 2x log (seg 2x +tan 2x)

The solutlon isy= Cx cos 2x + ¢, sin 2x — 1 + sin 2x . log (sec 2x + tan 2x)
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Soln. : 3.(vii) (a)-e* sin y dx + (¢* + 1) cos y dy = 0

. .
X - - d(e +1) d sfn )
or, f dx+c?sy dy=0 or, ——+ ( . =0
e #+1 siny ' e +1 siny 4
Ih;egrating, log(ex'\+ 1)+ log(s‘iﬁy) = loge ' or,siny . (e +1)=c¢.

‘Soln. : 3.(vili)(b). Convolution theorem of inverse Iaplace transform.

1L {f(s)} = £(1) and L™ {g(s)} = o)

£

thgn; Lgl{t:(S)'g(s)} = vl[f(u‘) g(t—u) du
0

_j, s afl s
Ly —zq=t {T“—'T_}
: (_S f.l) S SR B |

. l ‘
then f(t) cost and g(s) I 2, then g(t) =sint

: Let f(s)"z‘
s +1
. Lf ( = jcosu sm(t u) du
s +l 0
1 t
| E j smt+sm(t-—2u)]

. : 0

. . 21 [smt cos(t 2u)]
o ;3_[tsmt+COSt—0—COSt]¥tSlnt
L2 21l 2

=y s t sint

EECE st JE "N T T PN





