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INSTRUCTIONS

Candidaies should attempt all the questions in Parts A, B & C.
However, they hove io choose only three questions in Part D. The
number of marks carried by each question is indieated at the end of

the question,
Ansteers must be written in English,

This paper has four paris :

A 20 marks
B 100 marks
C 90 marks
D 90 marks

Murks ullotied to cach guestion are indicated in each part.

Assume suttable dala if considered necessary and indicate the same
clearly.

Natations and symbols wsed are as usual,
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PART A Ix5=20
Each question carries 5 marks.
1. (a) If {A ), p 2 1 is a sequence of events for which limit exists, then
prove that

lirm PA) = P Ii:n A

n

(b) If X; and X, are independent and identically distributed Bil, p)
random variables, then examine whether (X, + 2X,) is sufficient
for p.

(¢) Dhstinguish between simple and composite hypotheses. llustrate.

{d) Explain the practical advantages of a scquential test procedure.
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PART B 10x10=

Kach question carries 10 marks.

ta)  Stating the regularity conditions on fix, 0), 0 € Q, write down the
Cramer —Rao lower bound for the variance of an unbiased
estimator of g().

by Let ~ N(O, 1). Based on a randem sample Xy . X, construct an
unbiased estimator of 02 Also obtain the Cramer — Rao lower bound

on variance., ls this bound atlained in this case ?

tal  Let fix, y) = l [1 — ¥y, —1 < x, v < 1 be the joint density
function. Derive the marginal density functions of X and Y.
th,  Specify the probability density function ipdf) of a bivariale normal

distribution. In the case of zero correlation show ihal the
components arc independently distributed.

kstabhish Holder’s inequality and deduce Cauchy — Schwartz incquality as
a particular case.

Htate Lindberg — Feller central limit theorem. Kxamine whether this
result holds for the sequence 1X,} of independent. random variables with

] 1
PX,=—mn)= - =PX, =n) and PX_ =0 =1— .
! 2Jn " " Jn
(iven the characteristic function ¢(t) — exp{ — | t | |, show that the pdf

exists and obtain the same.

Fstablish Lehmann —Scheffé  theorem. State the significance of this
result,

Outhine the chi-square test for goodness of fit. Mention clearly the
underlying assumptions.

Define the p-variate normal distribution. Derive its characteristic
function.
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10. Iilustrate the application of the following :
(a) Hotellings® T? statistic
(b} Mahalanobis’ D? statistic

11. Stating the necessary conditions on X and U, show that the least
squares estimator of ) in the model Y = Xff + U is (a} unbiased and
{b) consistent.
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PART C 6x15=80

Each question carries 15 marks.

. (#)  Define sufficient, mimimal sufficicnt and complete minimal sufficient

statisties,

{b)  Define Fisher's information function and compute il for (Lhe
one-parameter exponential family of density functions.

() Define a maximum likelihood cstimator (MLE) and state its
important properties.

() Obtain the MLE of 0 based on random samples of n obscrvations
from a uniform distribution over the interval (0, 0 + 1).

. Outline the following methods of estimation :

() Method of moments

(t)  Mecthod of minimum chi-square
Establish Markov inequality and hence deduce Chebychev’s inequality.

(z)  Derive the distribution of the sample multiple correlation when the
population multiple correlation is zero in the trivariate case.

(b} Define orthagonal poelynomials. How arc thesc useful in regression

analysig ?

Fxplain the following for a two-sample problem :
{a}  Wileoxon — Munn — Whitney test

(b} Kolmogorov — Smirnov tesi

[ Turn aver
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PART D Ix30=90

Answer any three of the following yuestions. Each question Carries
30 marks.

(a) State and prove Khinchine’s weak law of large numbers (WLLN:.

(b) Examine whether the WLLN holds for the sequence of random
1

variables {X } with PX,, = n) = —— = P(X, = — n) and
2nvn
PX,=0=1— 1}{_'
Iy 11

(c) If {X_} is a scquence of independent random variables with

1

PX,=0l=1— = =1—PX,=1),

using Borel Cantelli lemma, prove that X — 0 almost surely, as
n - oo,

State and prove Neyman — Pearson fundamental lemma. Explain clearly
the role of this result in tests of hypotheses.

Establish the Gauss — Markov theorem. What arc the implications of this
theorem for regression analysis ? Elaborate.

{a) State the advantages with non-parametric tests.

(b) Explain the assumptions and operating procednre of the following :
(iy Buns test
{t) Sign test
(iii) Construction of conflidence intervals for quantiles

(a) Explain the technique of Analysis of Variance. When and how 1s
this technique usecful ? Illustrate.

(b) Giving an example, state the objective of diseriminant analysis.
Define Fisher’s linear diseriminant function and explain its use.



