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I T-JEE 2004 Mains Questions & Solutions—Maths—Version 2
(The questions are based on memory)

Break-up of marks:

Algebra

Trigonometry

Co-ordinate Geometry

Calculus

Vector/3D

24(40%)

0

8(13%)

22(37%)

6(10%)

1. A paralelepiped Swith base ABCD and top A'B’C’D’ is compressed to a

parallelepiped T with the same base ABCD and top A”B”C”’D”. Volumeof T is
90% that of S. Prove that the locus of A” isaplane. [2]

Solution
Volume of parallelepiped = Area of base ABCD X perpendicular distance between
ABCDand A’'B'C'D’
=AXh
Base area ABCD of the parallelepiped = A = constant

If volumeisnow 0.9 timestheinitial volume,
height between ABCD and A"B"C’D” =h’ =09h

Therefore the plane A”B”C”D” will always be at afixed height 0.9 h from
ABCD.

Hencelocus of A” isaplane parallel to the plane ABCD and at afixed distance
from it.

. Using Rolle’ s theorem, prove that there is aroot of

p(X) = 51X% — 2323x° —45x +1035 in (45%00, 46) (2]

Solution

X 45
Consider, q(x) = I p(x)dx = —-23x" > x* +1035x +C

g(x) being polynomial function is differentiable and continuous in (451/100’ 46)
and

q(45%00) = q(46) =C

By Roll€e stheorem

http://www.123iitjee.com OR http://www.indianetgroup.com




INDIANET @IIT-JEE, Where technology meets education!
Visual Physics, Maths & Chemistry; Classroom & Online Courses.

0 g'(x) = p(X) =51x"" —-2323x'* -45x +1035 =Ohas at least one root in
(451/100, 46)

3. Given, y,, = Md@ find — dy ax=rr. [2]
7 1+sin%/6 dx
16
Solution
x2
y(x): cosx:cgs\@ 40
e LTsin NE)
Oy *? 2
d cos+/0 X
y() COSXE-I— 42\/_d sin X COS\Z/_
161+S|n E_ 1+s|n \/_
x2
cosxcos|x|2x sin x 005\2/_
e B SN
O y () = 2m

4. A plane passing through (1, 1, 1) parallel to the lines having direction ratios (1, -1,
0) and (1, O, -1) respectively makesintersectiononthe X, Y ,Z axesat A, B, C
respectively. Find the volume of tetrahedron formed with A, B, C and origin. [2]

Solution

Vector normal to theplane = (iA +0.j - k)x QA -j+ Ok)
- (iA +]+ |2)
Direction ratios of normal to the planeis (1, 1, 1)
i Equation of planee x +y+z=3
O OA=3
0o OB=3]
o  OC=3k
volume of tetrahedron =
30

N | ©

%O 3
00 cubic unit
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5. f(x) isdefined as T (-1 1) = R and is differentiable on (1, 1). It is given that

. 1
I|mBg n+1cos —— H
f'(O):IimnﬁfEEl dso F(0)=0. Find the value of "~=0T ) n [

n- o

it

IA
I\JI:I

given that

[2]
Solution

Iim% n+1 cos” BEB— E

Li}g%(n+l)ag—sin B 1@—n%

limH{n+1)- 2(n+1)sin‘1%—n§

= n-e[] Tt
imd-n2sntl-2gn11f
- o] T n T N0
1-2.£(0)- Zlimsin* IlmnfB]—'H‘
= L TIn-o n [ "~
Taking f(n )=S'“ n
2
1-—.f'(0
_12e)
2
= Tt
here f(x)=sin™x
/()= ——
1-x?
f'(0)=1
6. If axb=cxd and axc=bxd, provethat ab+cd zac+bd, where
a,b,c,d are distinct vectors, [2]
Solution
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[n®
()"

IS an integer, where n is a

positive integer.

[2]
Solution

Letr+1,r+2....r+ naren consecutive integers
Product of these=(r+1) (r+2) ... (r + n)
1.r(r +1)..(r +n)
= 1.r
|

(h+r) e P

= r!
Which is an integer

There are n groups of n consecutive integers and each will be divisible by n!
So n?! isdivisible by (n!)".

Find the center and radius of the circle Z;Z‘:k; a=a, tia,, B=6+ip,,
Z_

k#1, z=x+iy. [2]

Solution

Here

|2-a P=Kk? | 2-p

0 (z-a)z-0)=k*(z-B)z-B)

0 -2z + o -kB)+ 2la - kB)+ (. 1BF - 1a )= 0
k’B-a

Centre= k*-1

1
5 lo —k*B | =k B o )\k* -1
Radius = (k _1)\/ ( )( )

A and B are two independent events. C isthe event that exactly one of them takes
place, then provethat P(AL B).P(A Bx P(C). [2]
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10.

0 PAB)R(A §)P P(A)P(B)+ P(B)P(B)P(A)

1 P(aDB)P(An B)< P(A)P(B)+ P(B)P(A)
[since (P(A)) ang (P(B)) ar Iessthan or equal to one]
g P(AOBP(AnB)<P

M isa3 X 3 matrix.

Det (M) = 1

MMT =|

Provethat Det (M —1) =0.

Solution

Let

M =

I H
> O T
—~ = O
mOoOnd

Since MM =1
O M isinverse of M
0 MT isadjoint M [Since det (M) = 1]

@ d gOd [Et-fh ch-bt bf-ced
%) e hgz ng—dt at—cg cd—af%
B f

U
Now,
a-1 b c
M-l d e-1 f
g h t-
On expanding above determinant and using (1) M —1|=0
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11. Provethat sinx+2x > x+D , xO gé Justify any inequality used in
m
solving the question. [4]
Solution
Consider the function, n
3x(x+1) '
f(X)=snx+2x —=
T 1t
f'(x) =cosx+2 Jox3
mom 0.87
f '(0) = +ve
0.6t
o
f =-ve
HeH 0.4l
The function increases initially and
decreases towards the end. o 2l
There must be a point of maxima
somewhereinbetweenOandg. 025 05 075 25 1.
Now, we arein a position to plot the 0.2p

graph of the function.
The only point that needs to be checked

T
Is —.
2

f %§:1+n—1.%g+ﬁ

orQ R
O fBEE 0.5 4+ve

The function is +ve at this point as well.
Hence, it is clear that the function does

. , ]
not cut x aX|sanyWhere n @,EE

Hence, the function is +ve everywhere.
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12. A line 2x+3y +1 =0 touchesacircle C a (1, -1). Another circle cutscircle'C

orthogonally and the end points of its diameter are (0, -1) and (-2, 3). Find the
eguation of the circle‘C’. [4]

Solution

k+1_3

SlopeCP= h-1 2

2k+2=3n-3 (h, k). P(1, -1)
3h-2k=5 ... (1) C

Equation of second circleis
(x-0)(x+2)+(y+1(y-3)=0
x> +y?+2x-2y-3=0 @)

Centre (-1, 1) and radius = NG
Above circle is orthogonal to the circle having centre (h, k).
0 (h-17 +(k+1)° +5=(h+1)* + (k -1)

4h-4k=5 ©)
Solving (1) and (3)

15 k=5

2 4
0 Equation of circleis
5 HZ 5[0 _117

20 D 4D 16

13. A curve passes through (2, 0) and tangent at a point P (X, y) on it has slope

(x+y)* +(y -3
(x+1)

by the curve in the fourth quadrant with the x axis. [4]

. Find the equation of the curve and also find the area bounded

Solution

dy _ (x+1)° +(y-3)
dx (x+1)

(X+1)%:(X+1)2+(y—3)
Let X =x+1Y=y-3
dy

X—=X%+Y
dX
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av _ Y _
dX X
el_%'d>< :e_IOQX :i
l.F= X
Solution is
Y.i.ZIi.X.dX
X X
Y =x+c
X
Y=3 _y+14C
x+1 1)
As curve passes through (2, 0) cC=4
0 (1) becomes 2
(x-3)x+1)=(y-3)
Oy ¥ 2x 1}
2 3 0 g}
I(XZ—ZX)dX:S(;—ng
Area =10 03 ) ) i 3
‘8_4{_ 4 0.5}
=13 3 &q. units 1}
-1.5
—at

14. Provethat (1+a)’(L+b)’(1+c)’ 27"a’b’c* wherea, b, c are positive real
numbers. [4]

Solution

A.M. = G.M. (since the numbers are positive)
a+b+c+ab;rbc+ca+abc > (a“b“c“)m
a+b+c+ab+bc+ca+abe7(a*h'c* )"’

0 1+a+b+c+ab+bc+ca+abc>7(a“b“c“)1/7
0 (L+a)a+b)1+c)> 7(a‘bc! |

1+a)' (1+b) @+c)" > 7"(a*b*c”

(1+a)
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15. Given parabola y* —2y —4x +5 =0. If tangent at a point ‘P’ on the curve meets
the directrix at Q, and a point R divides the line segment QP externally in theratio

%:1, find the locus of R. [4]
Solution

Parabolagiven (¥—1) =4(x-1) R(h, k)
Equation to directrix x = 0; focus (2, 1) P
Let point P(t2 i +1) be on the Q—/

parabola
Tangent at any point P

ty—x=t*+t-1

N\
O, 0) S~—}]

%) t? +t—1E
Co-ordinate of point Q t

Let the point R(h, k) whose locusisto be
found for which R divides PQ externally

in the ratio
1:2
:—2(t2+1)_1'022tz+2D p=n"2
2-1 2 1)
Z+t-1 1
212t +1)-1. b
2-1 1 t 2
Using (1) and (2)
k=3(t2+1)+( -2)
U
h_y
k = 2 +1
0 t
a 2:(3h—4)2 k_12=(3h_4)2
(k 1) a2 0 ( ) 2(h—2)

Thelocus of point Ris
2(y -1)*(x-2) = (3x - 4)*
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16. Thereare 18 ballsin abox, 12 red and 6 white. 6 draws are made of one ball at a

17.

time without replacement of which at least 4 are found to be white. What isthe
probability that in the next 2 draws, exactly one ball iswhite? (Leave the answer
intermsof C (n, r). [4]

Solution

This question is a direct application of Baye's theorem.
Let E be the event when there are minimum 4 white ballsin 1’ st 6 draws (without
replacement)

E=E,0EOE,

E. = exactly 4 white balls are drawn
E =

Ee = exactly 6 white balls are drawn
Let F be the event such that out of next two drawn exactly one is white.
P(F nE,)+P(FnE)+P(FnE)

exactly 5 white balls are drawn

P(F) =
P(E,) + P(Es) + P(E)
_ P(F/E,)P(E,) +P(F/E;)P(E;) + P(F / E5)P(E)
P(E,) + P(E) + P(E)
2Cl 10Cl Gc4 12C2 1C1 11Cl 6C5 12C1
12c:2 18c:6 + 12C2 18c:6 + O
Gc4 12C2 6C5 lZCl GCG lZCO
lSc:6 + 18(:6 + 18c:6
B 2C1 lOCl Gc4 12C2 + lcl llcl 6C5 lZC1
1zc2 (6C4 1zc2 + 6C5 12C1 + 6Ce 12C0)
3 3
Evaluate, A . (4]
]
by B cosﬂx| +—
3 35
Solution
/3 3
I T+ 4X dx
—n/32_Cosgxl+T[H
30
/3 i /3 4X3dX

+

‘£32—C05§X|+HH ‘£32—Cos§x|+n5
30 30
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=l1+1

I, = 0[odd function], I;= Even function

w3 SEC B§+HH
21T B’f anx
2 R
0 1+ 3tan EQ+6D

3
471 dt ——X\/I__’;[tan_lt\/_]l/[ \/_éan—ls_gg

3 V3 = +12

wlk

The following answers are also correct:
47 Arc:Tan[ % ] 47 hrc:Tan[ % ]

3 ' 3 2

4 0O 10
— rArcTan—
\/éEAr 2H
_1DX+CD
——<x<O
tban 2
0
18. f(X)=0 = x=0
0 2
O 2 _
[l € 1 0<x<£
O X 2

If f(x) is differentiable at x = 0, find the value of ‘a and prove that 64b” = 4—c* [4]

Solution
e2-1 1
imfO+h)-fO)_ . ~—h "2
RHD = h-o0 h h-0 h
ah a*h? 1 h
1+—+— — ... -1-—
) 2 22 2l 2
lim
h-0 h?2

For thelimit to exist a=1;
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1
Hence RHD = 8
”mf@—M—f®)
LHD = h-0 -h
psintFF-NH- 1
lim D202
h-0 -h
_ 2 2 Q2
o L h@ r¥me-hg B 1
o g2 amz 5 02 07F 2
h-0 -h

1
Asfunction is differentiable so thislimit is equal to 8

For this constant part must be zero and coefficient of h in the numerator must be

1
equal to —=
8

Coefficient of hin numerator is equal to

g L ISP,

2B . (2)
Clearly left hand sideis derivative of
—psint 2
2 ax=c
O Left hand side of equation (1) is
.1 11
22 8
4
O Squaring both side
64b* = 4-c?
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@ 1 00 a 1 10 oo @20
d2 B = O _ 0,0y -
A=2 b dBB=H d ¢ U= V=
Hbcg o ghg BB HH
If AX = U has infinitely many solution. Prove that BX = V has no unique
solution, also prove that if afd # 0, then BX =V has no solution. X isavector.
[4]

Solution
AX=U
@ 1 0 : xO OfQ
.U O
1 bd:yg dp
0 H b c : zH Hh{H
M 1-ab O-ad : xO Of —agO
N U
1 b d :yg"g 9 g

0 M o0 d-c : zH Hh-gH
as AX = U hasinfinitely many solution
O d=candh=g

Now BX =V
A 1 1 X[ éng
O_
%) d c yD_DOD
. B g h: z§ HOH
O O
a 1 1 XS a2 O
a
D d f c f Yo 0,0
c o ogYag
0 h————Eg——H: z
0 E) a dO a0 HHAH (g
Ifc=d=0andh=g
clearly BX =V has Nno unique solution
o f
h-1 - CHy- ko
ifc=d#z0 a dO apd
o0 [A:x]=0
0 BX =V has no unique solution

Now asafd # 0

O az0,fz0d#0

O [A:X]=0butas —-af#0
0 from equation (1)
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BX =V has no solution.

20. P, and P, are planes passing through origin. L1 and L, also passes through origin.
L, lieson P; not on P, and L, lies on P, but not on P;. Show that there exists
points A, B, C and whose permutation A'.B'.C' can be chosen such that
() Aison Ly, Bon Py but not onL; and C not on P;.

(i) A’ inon Ly, B' on P, but not on L, and C' not on Ps.

[4]

Solution
Wetake

A= A'=origin

B = B' = any point other than origin on the line of intersection of P; and
P.

C =C' = any point neither on Py nor on P,
In this case both conditions (i) and (ii) are fulfilled.

Similarly if wetake
A = non-origin point on L,
B = non—origin point on the line of intersection of P, and P,
C = non-origin point on L,

If wetakeA=C',B=B'andC=A’

Both the conditions (i) and (ii) are fulfilled
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