9.5

Complex variables

1. Consider the function u +iv=f(z) where

x*(1-i) - y*(1-1)
fz)= x*+y*
0 , z=0

, z=#0

for this function two statements are as follows:
Statement 1 : f(z) satisfy Cauch—Riemann equation
at the origin.
Statement 2 : f7(0) does not exist

The correct statement are
(A) only 1 (B) only 2
(C) Both 1 & 2 (D) neither 1 nor 2

2. If f(z)=u+iv , then consider the four solution for

f'(2)

(D u_jou (2) d_;®
ax L ox dy L ox

(3) u_ ;9 (4) ;9
ox ox ay oy

The correct solution for f"(z) are
A)1&2 B)3 &4
C)1&3 D2 &4

3. If f(s)=x +iy® , then f’(2) exist at all points on the

line
(A) x=y (B) x=-y
C) x=2+y D) y=x+2

4. The conjugate of the function u=2x(1-y) is
(B) x> —y*+2y+c
(D) None of the above

(A) x*+y* -2y +c
(C) x*—y*-2y+c

5. If f(z) =u+1iv is an analytic function of z = x + iy and

v—v=e"(cos y—sin y), the f(z) in terms of z is
(A) e +(1+i)c (B) e +(1+i)c

(C) e +(1+i)c (D) e +(1+i)c

6. If w=sinhxcosy then the analytic function
f(z)=u+ jv is
(A) cosh™ z +ic (B) cosh z +ic

(C) sinh 2z + ic (D) sinh ™' z +ic

7. If v=2xy , then the analytic function f(z) =u+ivis

(A) 2% +¢ B)z%+c
(C) 2°+¢ D) z2%+c¢
8. Ifv= xz%ijz , then analytic function f(z)=u +iv is

(A) z+c¢ Bzl +¢

1 1
C)A-i)—+c D) 1+i)—+c
V4 V4

sin2x

9. If u= , then the analytic function

cosh2y—cos2x
f(z)=u+iv is
(A) cotz +ic (B) cosec z +ic

(C) sinh z +ic (D) cosh z +ic

10. The integration of f(z)=x?+ixy from A(1, 1) to
B(2, 4) along the straight line AB joining the two

points is

-29 29
(A) 7+L11 (B) ?—Lll

23 . 23 .
(C) g+16 (D) 3—16

e2z
— dz=9 ‘ ' -
11. !(z T dz =? where c is the circle of z|=3

., m
(A) € (B) o ©

am 8mi
(©) 3 € (D) 3¢
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1-2 2 3
12. jﬁ dz =? where c is the circle [z2|=15 (A) 1+2(z+27 +2".... )
5 ‘ B)-1-2(z-22+2%.....)
() 2+i6r (B) 4+ i3 (C) 1420z 22 +2"....))
(C) 1+imn (D) i3n

(D) None of the above

13. _[(z —z%)dz =? where c is the upper half of the circle 1
e 20. f(z) =11 about z=1

z=1

-2 2 (A) -1 1 1( 1)+i( 1>
(A)? (B)g 2 _2 2= 92 z—D".......
3 -3 1 1 1
©2 ™y (B) 2[1—2(2—1)+22(z—1)2 ....... ]
©) 1|:1+1( 1)+i( 1)2 }
14. J-c;)s_nlz dz =? where c¢ is the circle |z|=3 9 9 \# gz (2 =17,

(D) None of the above

(A)i2r B)-i2=n
(C)i6r? (D) -i6r? ) T
21. f(z)=sinz about z =4
sin nz? r 2 ]
15. Jidz =? where ¢ is the circle |z|=3 1 n) 1 T
1 (z-2)z-1) (A)ﬁ_H 2=y molF ) e |
(A) i6m (B) i2n - , q
(C) i (D) 0 B |1+[z- T[T
Lan ()\Ek+2_4+2!2_4+ ....... |
1 (cosmz [ 1
16. The value of 27-[271 dz around a rectangle (©) 1 1- Z_E _l z—E 2_
e _ ) ‘ 41 2 4] T |
with vertices at 2+i ,-2+7 is D) N ¢ the ab
) 6 (B) 2 one of the above
©) 8 D)o 22, If ‘z +1‘<1, then z® is equal to
Statement for Q. 17-18: (A) 1+ i(n +D(z+D" !
n=1
( )_J~3z2+7z+1d h s the circl -
f(z, _67(2—20) z , where c¢ is the circle B) 1+2(n+1)(z+1)’”1
n=1
x*+y*=4. .
©) 1+ X n(z+1)"
17. The value of £(3) is i
(A) 6 (B) 4i (D) 1+ X (n+ 1)z +1"
n=1
(C) —4i D)o
Statement for Q. 23-25.
18. The value of f’(1-1i) is 1
(A) 7 (1 +i2) (B) 6(2+in) Expand the function 7(2_1)(2_2) in Laurent’s
() 2r (5+i13) D)0 series for the condition given in question.
Statement for 19-21: 23. 1<lz|<2
Expand the given function in Taylor’s series. 1 2

z-1
19. f(z):; about the points z=0 B).. —z%—z2 gt Tyt 8
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(D) None of the above

24. [z|>2
6 13 20 1 8 13

(A)*+ PRI P (B)g+?+?+ .........

25. l2|<1

15

+7
(A) 1+3z — 9 22 +Iz .........

gl 8,015
2+4Z+82 +162 .......

@132 .2
4+4+8+16 .......

(D) None of the above

26. Iflz —1/< 1, the Laurent’s series for
(z-1° (z-1°
2 ! - 5 ! T eesesssssns

(z-1° (z-1°
2! - 5! T eescsssss

C)-(z-D-(z-1)°-(z-1)°—..........
D) -(z-D'-(z-D-(z-1D°—(z-1°—.........

(A)-(z-1-

B)-(z-D7" -

27. The Laurent’s series of for |z1<2 is

1
2(e 1)
11 1
(A)?+£+E+62+%2 Frvorenens

1 1 1 i
(B)?_£+E_%Z F e

1

1 1
(C) 7+E+@z +%Z F o

(D) None of the above

28. The Laurent’s series of f(z)=

where |z/<1
21

) fz-szthor
42 162 +64Z ..........

5,21

o
2z-Dz-2)"

D+ d)

1 3 15

_ 6
(D)2+2z +4 +82 ..........

Zz

1-
29. The residue of the function 1

4 -4
(A) 3 (B) 3

-2 2
(©) 3 (D) 3

1
30. The residue of z cos 2 at z=01is

at its pole is

RE! .
(A) B (B) 9
C 1 D j
©) 3 (D) 3
31. Jz(l z)( dz =? where ¢ is |z|=
(A) —i3n (B)i3n
(C) 2 (D) -2
Z coSz
32, _[ dz=? where ¢ is z-1/=1
+3)
(A) 6T B) -
(C) i2xr (D) None of the above

1
33. Jz2e2dz:? where c is |z|=

c

(A) i3n (B) —i3n
o) % (D) None of the above
2n de
34. !2 +cos 0
A 2% ®) =
V2 J3
(©) 2n+2 (D) —2r+/3
35. | - dx=
)t v ) T
A T ab B n(a+bd)
(&) a+b (B) ab
<c>a+b (D)« (a+b)
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T odx x+ilx*) 1
N S = T .
36.!1”6 . £/(0) 19333[ ) —1+i
T a So we see that f7(0) is not unique. Hence f"(0) does not
(A) 6 (B) 9
exist.
© %= D) =
3 3 o df A
2. (A) Since, f(z)— —hg}) Az
sesfelolfolollolololoiolor 0 1 Au + iAU 1
r f(z) = lim m o Ay Ay ....(1)
1 ° Now, the derivative f"(z) exits of the limit in equation
SO utlons (1) is unique i.e. it does not depends on the path along
which Az — 0.
. . A+ -y (1-10) )
1. (C) Since, f(z)=u+iv= 1y ; 220 Let Az —» 0 along a path parallel to real axi
s s s s = Ay=0..Az->50 = Ax->0
x"—y x+y .
= U= 2 5 =3 2 Now equation (1)
x*+y x“+y
, . Au+iAv . Au Av
Cauchy Riemann equations are f(2)= gm Ax LHO Ax T i ng}, Ax
du _ 870 aﬂ _ al du Jdu
ax oy MYy T ox f’(Z)—a*+l$ l(2)

By differentiation the value of °, 2 % % 240.0)
y differentiation the value o o’ oy’ o’ dy a
we get — o » SO we apply first principle method.
At the origin,
du . w0+h 0-u0,0 . R/R
P h =
du_,.  w0,0+H-u0,0 . -K/k__
P ) k =
al_l_ v(0+h,0)—v(0,0)_1, h3/h2_1
Qe nso h =
W . v0, 04k, (0,00 k*/k® 1
dy i k =
Th that =% ang 2o
us, we see a o ay an ay o

Hence, Cauchy-Riemann equations are satisfied at
z = 0.

Again, f(0) =lirrolw

1 (=D +i(«®+y® 1
= (€ + %) (x+1y)
Now let z —» 0 along y=x, then
Py +i®+y% 1
£(0)=1i SRR :
250 (x*+y*) (x+1y)
21 1+1:

T 21+ 2

Again let z — 0 along y=0, then

Again, let Az — 0 along a path parallel to imaginary
axis, then Ax -0 and Az -0 — Ay —»0

Thus from equation (1)

, . Az+iAv
0= lim
. Au Av ou Jdv
- g% iAy iny T gao iz idy iy " @
y —idu Jv
f(z)— ay....(3)

Now, for existence of f’(z) R.H.S. of equation (2) and
(3) must be same i.e.,

du Jdv Jdv du

ETJC +1 aix = g -1 g

ou 81) ov  —du

ox By ox  dy

ou 8u ov _dv
f/( ) _7_ -

ay ay T 0x

3. (A) Given f(z)=x*+iy® since, f(z)=u+iv

Here u=x? and v =y?

Ju du
=2x and —=0

.2 et
Now, u=x = o 3

ov v
—=0 and =2y

and v=y" = ™ %

we know that

Bu au

f(2)==- 'y (1)



Chap 9.5 Complex variables 531
ar@=2ri2 @) AL

and f"(z _8y+lax"" =t

Now, equation (1) gives f’(z)=2x (3) = fle)=e+(1+i)c

and equation (2) gives ['(z)=2y n(4)

Now, for existence of f/(z) at any point is necessary
that the value of f’(z) most be unique at that point,
whatever be the path of reaching at that point

From equation (3) and (4) 2x=2y

Hence, f’(z) exists for all points lie on the line x=y.

4. (B) a*u—2(1 ) ; aiu—o D
. o - 21-y) 555 =
o x; I
Fu Fu_ o armond
= o +8y2 =0, Thus u is harmonic.
Now let v be the conjugate of u then
d —ald a*vol = afud a*ud
U7 x+8y y__ay T W

(by Cauchy-Riemann equation)
= dv=2xdx+2(1-y)dy
On integrating v=x?-y?+2y+C

5. (C) Given f(z)=u+iv ....(1)
= if(z)=—v+iu ..(2)
add equation (1) and (2)

= A+)f@)=(u-v)+i(u+v)

= FE=U+iV

where, F(z)=(1+1)f(z); U=(u-v); V=u+v
Let F(z) be an analytic function.

Now, U =u—v=¢“(cos y —sin y)

U .
——=¢e"(cos y—sin y)

ox
ou
and gze (—sin y —cos y)
U U
Now, dewdx+$dy....(3)

=e"(sin y +cos y)dx + e*(cos y —sin y)dy
=d[e*(sin y +cos y)]
on integrating V =e“(sin y +cos y) +¢,
F(2)=U +iV =e"(cos y —sin y) + ie“(sin y +cos y) + ic;
=e"(cos y+isin y)+ie“(cos y+isin y) +ic,
F(z)=(1+i)e""? +ic, =(1+i)e” +ic,
A+0f(2)=1+0ie” +ic

[ (1-1)

= f(z)zez+?iclzez+clm

6. (C) u=sinh x cos y

% _ cosh =0(x, y)
ax—cos xcos y=0(x,y

du .
and @z—smh xsin y =y(x, y)

by Milne’s Method
f(2)=d(z,0)—iy(z,0)=coshz—i-0=cosh z

On integrating f(z)=sinh z + constant

= f(z)=w=sinhz+ic

(As u does not contain any constant, the constant c is

in the function x and hence i.e. in w).

Jv Jv
7. (A) a*x=2y=h(x, y), $=2x=g(x, y)

by Milne’s Method
[(2)=g(2,0)+ih(z,0) =22 +10=22
On integrating f(z)=z%+c¢

v _—(x2 +yH—(x—y)2y

8. (D) @- (17
y2—x®—2xy
—W=g(x, ¥)

v (2 +y*)—(x-y)2x y*-x"+2xy
ox (2 +y2)” (x4 y?)?

By Milne’s Method

=h(x, y)

. 1 (1) NS
f(z)=g(z,0)+ih(z,0) == +L(— e )——(1+l) e
On integrating

() =1+ D) S dz+e=(L+)—
f(z)=1+1 57 z+c= +zz+c

du 2cos 2x (cosh2y—cos 2x) -2 sin” 2x
9. (A) P

(cosh 2y —cos 2x)*
_2cos 2xcosh2y—2

" (cosh 2y —cos 2)* =0(x, 5)

ou  2sin 2x sinh 2y

Jy  (cosh 2y —cos 2x)? =W, y)

By Milne’s Method
f(2)=d(z,0)—iy(z,0)

_ 2c082z-2 0) = -2 5
T(1-cos22)? " T1-cos2z %

On integrating
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f(z)=—.|‘cosec2 zdz +ic=cotz +ic

10. x=at+b, y=ct+d

On A,z=1+i and On B, z=2+4i
Let z=1+1i corresponds to £=0

and z =2+ 4i corresponding to t=1
then, t=0 = x=b, y=d

= b=1d=1

and t=1 = x=a+b, y=c+d

= 2=a+1,4=c+1= a=1,¢=3
ABis , y=3t+1= dx=dt; dy=3dt
[ f)dz = [« + imy)d + idy)

1
= [t +D* + i+ 103t + Dllde + 3i dt]
t=0
1
= 12 + 2t + D +i(32> + 4¢ + V1A + Bi)dt
0
1l

+t2+t+i(tP + 242 +t)}

3

29 .
-——+11z

(13t
=(1+ 3i) 3

0

11. (D) We know by the derivative of an analytic

function that

iy W[ [ dz
@)= o J(z —z)"
flz)dz 2m
Or J‘ﬁ=ﬁf (z,)
. (2)dz m
Taking n=3, f (7; =3/ (D)

G e*dz J- e*dz
ven £ =l o
Taking f(z)=e%, and z, =—1 in (1), we have

e¥dz mw
Now, f(z)=e*
= D=8

equation (2) have

= f”’(Z) — 8e2z

Je%k g 3)
c(2+1)4_ 3 e

If is the circle |z|=3
Since, f(z) is analytic within and on |z|=
e¥dz 8mi __

z+1)' 3¢

lz1=3

1-22 1 1 3
2z-1(z-2) 2z 2-1 2z-2)

12. (D) Since,

1-22 1 3
| dz = S 1+1,-3

2z —1(z-2) 7 I,..(1)

1
Since, z =0 is the only singularity for I, = _[gdz and it

lies inside [z/=15, therefore by Cauchy’s integral

Formula

1= dz=oni 2

1—82 z =21 ....(2)

f(z, )—ijff) dz [Here f(z)=1=f(z,) and z,=0]

0

1
Similarly, for I, = J‘E dz, the singular point z =1 lies

c

inside |z|= 15, therefore I, =2mi....(3)

For I, J dz the singular point z =2 lies outside

the circle |z2|=15, so the function f(z) is analytic
everywhere in c i.e. |z/= 15, hence by Cauchy’s integral

theorem

dezo)

using equations (2) (3), (4) in (1), we get
J. 1-2z

m (ZTCL) +2m — (0) = 3mi

13. (B) Given contour c is the circle |z|=
= dz=ie"do

Now, for upper half of the circle, 0 <0<n

= z=e

[z=2%dz= [(e - e*™)ie"de
c 6=0

i T
e2l(~) e3l9
2 3i

0

2
(e® —1)]=3

=iJ.(e2i9 SLO)de_L

0

rﬁ

COM—*

_'1|:1(2m 1)
_L.i2.e —

14. (B) Let f(z) =cos mz then f(z) is analytic within and

on \z\— 3, now by Cauchy’s integral formula

f(Z) f f(2)dz

dz

f(z,)= =2mif(z,)

2m

c 0

take f(z)=cosmnz, z,=1, we have

cos Tz i . .
_[ 1 dz =2mif (1) =2micos T =—21

l2=3 #

15. (D) [ SR
-2
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sin mz® sin mz® ; (z-2,)° ,
o et a2 F(2) = fl2) +(z —2)f (20) + 2+
=27Uf(2) —21tlf(1) Sin067 f(Z)=SinTC22 (Z _ZO)3 f///( )+
— o)t e
— f(2)=sin4r =0 and f()=sinn =0 3!
about z=0
1 1 53
16. (D) Let, I = 5 - |5 cosnzdz f@)=-1+22)+; ( )+,
1 J~ 1 1 =-1+2z-22%+22°...
S gomid\ao1 sl )OS E 2, 3
© f(2)==1+2(z—-2z"+2"....)
Or - 1 (cos nz cos nz)d
r - z
4mid| z-1 z+1 1 1
20. (B) f(z)—z+1 = f(l)—2
322 +7z+1 ) ) Fz) = -1 N f’(l)—*l
17. (D) f(3)= -!fg dz , since z,=3 is the only S z+1)? 4
322 +7z+1 , wqy - L
singular point of % and it lies outside the f (Z):(z+1)3 = D= 4
322 +7z+1 , -6 3
circle x*+y*=4 i.e., |21=2, therefore % is f"(2)=m = f (1)=—§ and so on.
analytic everywhere within c. Taylor series is
Hence by Cauchy’s theorem— (z - )
f(2)=f(zy) +(z—2,)f (z,) + "(zy)
£(3)= J'3z +7z+1d 0
3 o (Z — 20)3 ”m
+?f (z0)+...
18. (C) The point (1-i) lies within circle |z|=2 ( ... the about z=1
distance of 1—i i.e., (1, 1) from the origin is V2 which is 1 -1} z-D*(1) =z-D*( 3
f@)=5+E-D|— . P ey
less than 2, the radius of the circle). 21 4 3! 8
=322 s g 1 1 1 1
Let ¢(2)=3z*+7z+1 then by Cauchy’s integral D4 (-1 = (2 =D ...
formula 2 2 2 2
322 +7z+1 1 1 1
J? dz =2mi(z,) or f(z)= B |:1— B (z-D+ o2 (z-12%- PR (z-1°%+....
= f(z,)=2mid(z,) = [f(z,)=2md'(z,) T 1
and f"(z,)=2mi ¢"(z,) 21. (A) f(z)=sinz = f( )—Sl Ny =l
since, ¢(z) =382 +Tz+1 1
= ¢(z)=6z+7 and 0"(2)=6 f(z)=cosz = f( ) NG
fA-0)=2m[6(1-i)+7]1=2n (5+131) n 1
-1 2 flozmeme = f”[4]=-2
19. (C) f(Z) - ?— 1- z+1 f,,,( ) fw(n ) 1 d
z)=—-cosz = — |=——= and so on.
= f0)=-1, f(D=0 4 2
2 Tayl ies is given b
") — 10 — 9- ylor series is given by
= f(2) +1)? = [1(0)=2; " )2
y —4 ) F(2)= f(2y)+(z —2)f2) + o2 fr(2,)
f (2)2(2_1)3 = f (0):_47 5
) (z—zo) )t
', _ m _ . 3' 0
f (2)_(2+1)4 = f”(0)=12; and so on. ]
about z=—

Now, Taylor series is given by 4
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1 T 1 Tt} 1 Y
f(z)—\/f 1+ Z—Z —E! Z—Z —3*! Z—Z —..

22. (D) Let f(z)=2" 2% m
f(2)=[1-1+2)I*

Since, [1+2zl<1, so by expanding R.H.S. by binomial
theorem, we get

f(2)=1+2(1+2)+31+2)*+4(1+2)°+

+(n+1D(1+2)" +

or f(z)=2z72=1+ i(n+1)(z +1)"

1 B 1 1
(z-D(z-2) 2-2 z-1"

23. (B) Here f(2)= (1)

1
Since, |z|>1 = Q<1 and |z[<2

PR Y U2 D { P
an 2_2—2 —2 ——2 +2+4+9+...

equation (1) gives—

SN FVETESHE AN 1 PR 8 S
f(z)=- tot gty ettt et
1 1 1 1
_ st 2 -1 == 2_ = 3
or f(z)=..~z""—-z" -z 9" 4%7g% 187
1 1
24 (C)H<1 = H<§<1 = H<1

Laurent’s series is given by

2 4 98 1 1 1 1
f(Z)— ISRk o 00 bl R e

95. (B) l2]<1, — 1—11571(1 )t
R P R il Rt B

1 z 2 3
__ = -,z =z 2 3
= 2|:1+2+ 4 + 3 +...]+(1+z+z +z°+...)

()_1 § z 2 lj 3
f(z _2+4z+8z +162 +...

1 11 1
2z-1z-2) 2z z-1"2z-2)
Forlz-1<1Lletz-1=u
= z=u+1andlu<1

1 11 1
2z-1z-2) 2z z-1"2z-2)

— 1 l 1 _1(1 )—1 -1 1(1 -1
=9+l utomon MW —uw —gl-w

26. (D) Since,

1 1
:5[1—u+u2—u3+...]—u’1—5(1+u+u2+u3+...)

=§(—2u—2u3—...)—u’1 =—u-uv-u—-..—u"

Required Laurent’s series is

f@)=~(z-D"-z-D-(z-1D’-(z-1°-

1
27. (B) Let f(z)zm

276 24 120"
S O S A
=22 7276 faaT120 T

z 2 2 ’ z 2 2’ ’
+(2+6+24+...J—(2+6+24+...J

-1
1 z z¥ 28 2t
=2 I+o+—++

1 1) (1.1
or f(2)=22|:1—2(zj+2 (—6+4)..

Chap 9.5
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s 1 1 1
+2’ =54 6 s |
f 1 1 1. 1
T2 1712036 24~ 8+16
L
720

RS PO U NP
=2 22+122 +0z%+2"

Required Laurent’s series is
1

1 1
f(z)=27 o +E+OZ %z +..

Z

28. (A) Since, f(z)=m

_ Z Z
732241 3(z%+4)

l2l<1 = [|2%|<1

_El 2\-1 il 571
f2)=50+25" - 1

12
_i(l 2 4 ) i 1 i é
=51~z +z'—... 12 —4+16—...
()=gz-ineteogst
orfz—4z—16z +64Z

1-
29. (B) Let f(z)=——— then f(z) has a pole at z=0 of

order 4.
Residue of f(z) at z=0
1 dm -1

=Gl gt (o2 9

1 y d? o 1-e%
T e

1. d° o2 -1
:ahmﬁ(l )—yhm 8e%
-8 -4
7(e0)_7

3

1
30. (B) Put z=0+¢, f(z)=zcos S

OO SO O U S U |
= COSt— —2' t2+4! t4—...
1 1

BT Y

1
Residue of f(z) at z=0 is the coefficient of P ie. -5

31. Poles of f(z) are at z=0, 1, 2 since 0 and 1 lie

within ¢ and ¢ =2 does not inside c.

_[f(z)dz =2mi[sum of residues at z=0 and at z =1]....(1)

c

Now, Residue at z=0 is

I B S
=lim 2f(z) =lim -2 o =5

and Residue at z=1is

! 1 1 2z-1
—1m(z )f(z)= im—~ oy 2z_2)"

equation (1) gives
1
Jf(2)=27ti><[—2—1)=—3ni
zcos z T
32. (D) f(z)=$ then f(z) has a pole at z =y of
)

order 2.

by Cauchy’s residue theorem

.[f(z)dz =27 X (Residue at z =g J

T
Now, Residue at z =y is

i Y o i
= midz 2= f(z) —11121 dz(zcosz)

z~>2 z~>2

. . T
lim [cosz—zsinz]=——
7 2

z—)E

[ F2)dz =2mi x (- gjz—n%

1 1 1
— 2 1/z= 2 -, - ., _ -
33. (C) f(z)=z"¢ z (1+Z +2!22 + 3!23+...J

_ 1 1
=2 +z2"+- ot e T
The only pole of f(z) is at z=0, which lies within the

circle |z|=
| f(2)dz =2ri(residue at z=0)

1

Now, residue of f(z) at z=0 is the coefficient of . ie. s

[ Forde =2mix ==
cfz 2z =2m 6 3m

—idz

34. (B) Let z=¢® = df= . ; 2<0<2n

1 1
and cos 9=[z+2)

2
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27
do 2
£2+cos6_£ 1( IJ’ ¢:ll=1
2+ |z+—
2 z

) -
T 4z

et =z

f(2) has poles at z=-2 ++/3, -2 —+/3 out of these only
z=-2++/3 lies inside the circle c:lz|=

| f(2)dz = 2mi(Residue at z=-2++/3)

Now, residue at z=-2+ NE)
lim (2 +2- V3)f(2)

2—>-2++/3

L 1 1

T z+2+443) 243

[ f)dz =2mix == L

) N 23 3

T do . 2i

02+cos9 -2 f f

35. (C) I:!m d2=£f(2)dz

where c is be semi circle r with segment on real axis
from -R to R.

The poles are z=zxia, z=+ib. Here only z=ia and
z =1b lie within the contour ¢

[ fz)dz =2mi

(sum of residues at z=ia and z =ib)

Residue at z =ia,
2

. . z a
=lim (2 —i0) i)+ bY) ~ 2ia® - bY)
Residue at z=1b

2?2 -b

=lim (z - ib) (z —ia)(z +ia)(z +ib)(z —ib)  2i(a® - b%)

R
[frdz =] fz)dz + [ fl2)dz
e r -R

B 2m (a—b)= 4
“2i@®-b) ‘T T a+b
N ,[ >)d _"f ie*®iRe™d0
ow rfz Z_0(R2e2ie+a2)(R2e2i9+b2)

Now when R — oo, jb(z)dz =0

X T
Jm(x2 T+ ) P v

36. (C) Let I = j — _jf(z)dz

¢ is the contour containing semi circle r of radius R
and segment from —R to R.

For poles of f(z), 1+2°=0

= 2 =(_1)1;/6 — ei(2n+1)1t/6

where n=0, 1, 2, 3, 4, 5, 6

Only poles
—~/3+i  3+i .
z = A lie in the contour
2 2
+/3+i
Residue at z = 9 !
B 1
B (2, —2,)(2, —2.)(2, —2,)(2, —2.)(2, —2)
1 1-/3i

T 8i(1+v34) 12

Residue at z=17 is —

61
1++/3i
Residue at z :7.1 is
12
1 1++/3i

T 3i(1-+/3) 12

R
[fo)dz =] fz)dz + [ fl2)dz
e r -R
=%(1—x@i+1+x@i+2i):2§

[f2d T<)d-2l 1)
orrfz z+7sz z="gn

Now J.f(z)dz

_ ie"de
_-’f iRe"d® "f R®
1+ R i+eﬁie
RG

where R — e, [ f(2)dz —0

2n

3

(l)e]:
0

sfesfesiesfestesietok
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