MATHEMATICS

1.

Time: 2 hours Marks: 60
F z and 2 are two complex numbers such that [z: < 1 < |zd then prove that
1-22) 1
-2z . [2]
Find a point on the curve ¥ + 2y = 8 whose distance from the linex +y =7, is
minimum. 2]
abec
bc a
¥matixA=1¢ 2 b where a, b. ¢ are real positive numbers. abc = 1 and ATAa=,
then find the value ofa’+ b +¢ [2]
o fnyn=- 2 x mym=ky  /m
Prove that 2 ] ' = k- ‘l 2 I { Irl-_";IL 0 lu"ul. [2]
nid aid
| fleos 2¢) cos x d = 2 | fisin2x) cos xdx
If f is an even funciion then prove that 2 0 . (2]

10.

1

']

For astudent o qualrfy he must pass at leas: two out of three exams. The probability
that he will pass the 1" exam is p. If he fails in one of the exams then the probability

p

of his passing in the next exam is 2 otherwise it remains the same. Find the
probability that he will qualify. (2]

For the circle ¥ + y° = r, find the value of r for which the area enclosed by the
tangents drawn from the point P[5, 8) to the circle and the chord of contact is

maximum. (2]
1 az =1
Prove that there exists no complex number z such that |z] < 3 and = where
B =2 [2]
Aistargseting to B, B and C are targeting to A. Probability of hitting the targetby A B
2 1

andCare 3 2 3 respactively. If A is hit then find the probability that B hits the
target and C does not.
(2]

if a function f : [-2a. 2a] — R is an odd function such that f(x) = f(2a- x)for x <[a.
2a) and the left hand derivative at x = a is 0 then find the left hand derivative at x =

-a. 2]
Using the relation 2(1 - co0s x) < i, x = 0 or otherwise, prove that sin (tan x) 2 x, 7 x
0 E}
:[ 4 [4]
2
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SOLUTIONS

To prove I1_2122| '-‘f]Z-, 'Z‘L‘I .

o (1-22)(1-22,)< [z, -2, )E,-T,)

o 1-25,-E2 e flof <pf -2,2-22; +[2f
e (1- =l -zf(1- 2 <0

= (1- =) (1- <0
Which is obvious as |2 <1 < |z4.

PLIE coss, 43 sins)

shortest distance exists along the common

™
narmal
Slope of normal at P /- 3 xey=T
JEsece \

= :J'Smeca-ﬁmad

2 1
S0 Ccost = ‘E and sing = _1’37
Hence P= (2. 1)

ATA=|

abcllab
b e albe
¢ ablilec ab

|V ]

- —
s T e QY
L= I =
-

a‘<b?+c? ab+bc=ca ab+bc=ca] [1 0 07

ab-be+ca a +b*=c® ab-be-cal={0 1 0!
- ab+<bc+eca ab+bo+ca a3 +b¥+e?| _n 0 1}
=a*+b*+f=1  _..(1)

and ab+b¢+=c.a=ﬂ.+..{2} .
Nowa’+b'+c'=(a+b+c)(a*+b*+¢c°- ab- be-ca)+ 3abe

=(a+b+c)+3 (2)

Mow (a+b+¢c)’=a"+b"+ & + 2(ab + be + ca)

=1+2.0=1

= a+b+c=1 (since a, b. ¢ are real positive number)
anfrnmi?}

a+bi+c=1+3=4

Alternate:

Ala=1= |ATAI =|1|= 18F =1

=(a’+b'+c’- 3abc) =1

=a’+b*+c’-2abc=1 (since a, b, ¢ are positive real number= a’+b’'+¢*2
2abe from AM 2 GM)

=a'+b'+c'=4

k : : n=ri!
=fyR-t aC 10 -1 ,21_. n: [
é{ ’ LY ;f ; n=r) L rl (n=Kk)! (k=r)!

K
ks N k!
- ?Zo{ R n-k) k! r!fk-r)!

K e 1'\!’ - ‘:"
S Y



=i w4 "
j‘f(m-smousm j feos mm“r'mq__x flmf ':-
wuld
I [ficos 2x)cos x =f(=cos 2x)sinxdx
B :il L

J'f[oos'zx{wsx ~sinxpx fjﬂmh}ooe:i——x‘dx

‘J—,j" l q__xxlﬁlmsfl_l{i_xxfhx
J 44
‘i;{sinzx}msm
=42

Let E, : denotes the event that the student will pass the ithexam,i=1,2, 3
E: denotes the even: that the student will qualify.

(E) ( Ez| {E‘L [_Ea-fl ['Ea.“}
IxplBlspEgxpPl B P R

P(E)= P.‘,EauP J+P (E)x Pl

p

=p +px(1 -p:nz +(1-p)x 2xp
EP?*FF' ps *Pz 'p‘l

=P (€)= B =2p*-p’

Since OP =10, sine= 10 where 8 =

03]

1

A=2 x2rcos (10 - r sind)
= 10 sinfcosé (10 - 10 sin"8)
= A = 100 cosdsind coss

%- 100f0s* 6 -3sin” 500s” 8]

%
|——lanﬁ| —+lanﬁ|

= 300 cos's L3 3
b 1
= Aismaximumat 8 = 8 =r=10x 2 = 5 units.

az+ag+.. . +aZ=1
=|az+aZ+. . +ad)l=1
=|a1za+laf|+....+laai]£1
=2[I=!+IZI+ LH 2=

2lzlﬁ-IZI l
- - |;_-|1

1 s 1

M.ﬂfs,mpz*sﬁ k>3
T_his is a mntraqi-ctinn.



10.

11.

12.

13.

P(E) = Probability that A will be hit

rdl ' 1 2
Then F{E} = 1_HEHCJ'|_P'E_LP{E:"1—E. E-

w|

. x 2
oB~T)_PBIFE) 23 _1
"E TP Z 2

3

LHD. atx=a
. im f(a+h)-f(a)
-(a) = »tr h =0 (given)
‘ lim fl=a=h)-fi-a) fim =f(=h+a)+f(a) .
f(-a) = »tr h = nd” h (As fis odd)
lirn -f{2a+h=-3)+f(a) .
= e h =-"{a)=0.

Letf(x)=sin(anx)—x

f (x) = cos (1an x) sec” x — 1 = tan cos{tanx) + cos{tanx) - 1 > tan™ cositanx) -

tan"‘x
2
= L]
= f'(x) > tan’x(cos(tanx) - cos3 )>0 (sinceDZtanx £ 1< 2)
- -
0 T_'

= f(x) is an increasing function 7 x = _

Asfi0)=0 =fx)20vxel *
= sin{tan x)2 x

2b=a+c A1)

Eaﬂcﬂ‘ ;ﬂ«_z
b= at=ct | 2 )
={a?+c3=+ Eac[ai+c’}=ﬂajc"‘
= (a"+¢ +ac)’ =0ac’
= a‘+c’+ac=23ac . (2)
=a‘+¢°-2ac=0 =a=c=b=c¢
or, a‘+¢c =-4ac
=(a+c)=- 2ac

a

ac =b'=- 2

L]

=4b"=-

ra

| o

=a,b,- are in G.P.

For unequal real roots

D>0

=(a-b)f-4(1-a-b)>0

=b*+b(d4-2a)+a‘+4a-4>0

For the above quadratic expressiontobetrue Tbh 2R
Discriminant of its corresponding equation should be less than zero
ie.(4-2a)f-4{(a*+4a-4)<0

=-32a+32<0

=a=>1



15(i).

(ii).

16(i).

(i)

k

=mmm=-k=m=-0
; kklls k

=\ ] =a

=k=ah-2a'+a’

=y =a%-2a°+a’

Comparing it with y'=4x, wegeta’ =4 and - 2a°+a’=0=a =2

Alternate: %

Since locus of P is a part of the parabola = .

normals at any two points t; and mestat P

=Hty= 2 ™

=(-my(-mg)=2 e

=a=2 ™
Dy

From Lagrange's mean value theorem

fid)-f0) ...
20 =fial

forae(D.4) A1)
Also from Intermediate mean value theorem
fl4)=f0) =)
2 forb = (0. 4) (2)
From (1) and (2). we get
(Fa)f =GIOF ¢ pan
_— f"la
g ' IM. fora, b= (0,4)
1 - S
gf{t}d"t E[:ezr!z*) dz
Replacing t by Z, we get =

From Lagrange’s mean value theorem

z ¢

[t biz- [t

] ] - z'u'f{'.\':’
2-0 ) fory e (0. 2)

Izz’{zildz-zﬁz}fhﬂ ) zl'ﬂtib’}]

= -
intermediate mean value theorem)

]'ﬂ'a’ldt - EEaf la? )+ 5tle* ]

({ where 0< a < v <p <2, using

= 0 T0<a,p<2
x=2 y=1 z-=0
5=2 0=1 1=0
. fe-2 1-1 1-0|_ _
E‘he equation of the plane is =0 =(x= 2)(- 1) -(y-1M1)+2(2) =

s=x+y-22=3.

Let Q be {a. 8. v).
x—E_y—1_z—E

Equationof line PQis 1 1 -2
a+2 g1 . =6
2 2_ 2 1_ 2 °

L - Fl -



17.

18.

19.

1 1 -i- . z\r-l-ﬂ \'| +2) o) 8" .
2 B=Ti_4H 1=
11-1 I+t—21i—2} -2 l&mt - , (* 2 ) { l i

=a=0.0=5.y=-2=Q=(6,5.-2).

%} P(x) %—P{x} >0

=E[Fix'.‘ﬂ' ) >0

= P (x). 2™ is an increasing function.
=Pxe*>P(1)e'vx21

=P(x)e*>07 x>1 (since P (1) =0)
=P(x)>07vx>1,

n 2r . 2n

W= 2rsinn = ey (1)
1
O.=nrtann cenf2)

From (1) and (2), we get

- 2x
0, 2 onF z o5 1
n fan— g-... .
n =cosn 2 {using (1))

%=tV 1 ec®(g-1)
B+ 27727 7 gimilarly for vectors ¥ ana 3
as [59) (3<2) @x] =By ef
—sec'? !'.ta-::i*ﬁ"sn!c&2 Eiaﬁ §-w w-of

Ly 1
gttt v o kg G dededivw
Ll 2 cac? P Y
_ jgec guec’ sec’ 70 ¢ WF
Let the semi vertical angle of the conebe8=tan™ &= — -+
R'\
)
Let height of the liquid at time 't be 'R’ from the
base BC and radius r. H
1 1
Volume of liquid at time ¥ =V = 32h = 3n'cot |
8
S = Surface area in contact with air attime ¢ = _l E 3
v 8 ¢
Giventhat— 9 =5
dv

=— O =kS =kt



coté dr
= 3 g3 ot =_ks*
0 T
dr = -k |dt
=cot@r 0 {whera T is the required tme)
H H
= RR=kT=T=%k

R R R RN R NN N R L R O O R



