MATHEMATICAT SCIENCES
PAPER-II

Let {=zy} and {vy} be two sequences of real numbers. Prove or disprove each of the
statermnents :

1. I {zyyn converges, andif {vy} 13 convergent, then {x,} 15 convergent.

2. {snt ¥vut converges to x+y 1f {x,) converges to x and {vy} converges to
V.

3 I {znfvas 15 convergent, then both {z,) and {v,} are convergent.

4, I {zy} 15 convergent and {vy} 15 divergent, then {xzyva) 15 divergent.

Letf:[ab]— | be differentiable.
{a) Prove that

A
[ 72 (00de=0iff £ =0 on [a.3]..

2
(b If _I-fE(.tjcﬁ:D,then for some tog[

a

|
ﬁ andletfiz) =e"*wherez =(x, 22 L .20 £ ", and
P

x.cz:z x.ay. gnfeteriute the directional derivative of £ at a point p € " in the

ih=(@y) e 1L+ A (@ e T2y
Prove that & 1z compact.
(bl Show that any convex subset Cof | * 12 connected.

Show that the set {log p | pprime number} 1z linearly independent over O

Let ¥V be the vector space of all polynomial funchions of degree <n,n = 2, and let
D W =V denote the deriwvative map P a  P'on V. Show that D is nilpotent and
that I 15 not diagonalizable.

Let & and B be two 3 %3 complex matrices. Show that &4 and B are similar if and
only if ¥4 = ¥ and Wa = HE, where Y4, ¥5 are characteristic polynotials of A, B,
respectively and s, g are minimal polynomials of A, B, respectivel v,
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Determine whether the quadratic form g3 X = 73 + BEXG 3 + BBEn X§ 1%

degenerate or not.

Letep: €2 — £ be acontinuous function and suppose {z: |z |= 1} < (. Prove that

the function defined as fiz)= I o)
-1~ Z

dw 15 an analytic function on the open unit

dizec.

Letf: £ — £ be an entire function and that |f (zjl k4 |j dl ze£ . Identify

gl such functions.

(a) Let /£ —=E be an analytic function 2 :i a harmonic function.

Prove that gof 15 a harmonic function.

{b) Prove that the function
uix, yi=e"" cos(x* —y%), (x
conjugate.

g harmonic, and find the harmonic

! [ _
Compute I g% dz , wher eisparametrized by t — 2e®, 0<t < 27

|- 2

t& Euler totient function and Mébius funchon respectively.

show that » £ ") Henceshow that i) :Z ﬂfj .
Tid I b kin

7 class divides the order of G, Use this to show that if p iz a prime and G 18
a group of order p”, then the centre of 3 contains elements other than the 1dentity.

Let], I', I beideals in a commutative ring A& IF I T are comaximal, 1e, I+T=4 and
I’, Jare comatimal,1e., I +T=2A then showthatI I and J are also comamimal.

Let LIE be afimte field extension of prime degree p. Show that L = E[ ] for any
e L\E

molve the BVE by determnining the appropriate Green’s function, expressing the
solution as a definite integral.

=1z, y+y (=0, y()+y(1)=0
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Consider the initial value problem :

v =fzy), v(0)=1
where f{zy) . = | Y |+ 1:;2, (zy)eDwthD =[-22]X[-12]

whow that £izy) 13 bounded and statisfies a Lipschitz condition with respect to v on
D and determine a bound and Lipschitz constant on D Further, determine h, as
required in the Picard s Theotem, for a unique solution of the initial value problem to

Ex1st on |X|£h.

Cutline briefly the three classes of integrals of the non-linear first order partial

differential equation fiz,y.zp,q) =0, where p :%, q= %
x

For the partial differential equation
Pz = pE(Bp2 +o + qz(pj.r + 4-:12), obtain one of the int
procedure for determining the remaining two inte grals.

d indicate the

Classify and reduce the second order partial differential

Uy — 415{211W = =11, into canonical form and henc the general solution.
x

Let X and ¥ be two independent random wariables such that X 15 uniformly
distributed on [0, 1] and ¥ has a discrete umform distnbution on
(0,1, 2,1 ,»=1}, thatis,

1 .

- fE=0,1L »-1
P(¥=k)= o 1 sl R

0,

otherwise.
Define Z=X+7% Show that £ 1z uniformly distributed on [0, 2].
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Let Mg dencte the moment generating function of the standard normal
distibution. Let I{a) =sup {ta—log Mit): tej .

(1) FindI{g)

(1) Ezxpress log Mg in terms of I{g)

Tsing the central limit theorem for appropriate Poisson random variables show that

I R
lime —f ==
Mo J’-DJ! 2

Let {F) be a Markov chain with transition probability matriz P given by
12 14 14 0

23 s 0 0
0 0 15 4/5]
0 o 1z 12

Let py =P, =_1'|:}~‘C,:| =1). Find limpjforalliy.

&

s up, arandom number  of
tiftially empty). This  procedurs
giopped. LetM  denote the number
Mer of balls added at i stage. Assume
attables, and that I and {3} are

A coin with probability p for head 15 tossed. Ifa
balls are added to an urn. (Assume that the ug
1z repeated till a head appears at which stag
of stages when balls are added, and 3
that {35} are1.1.d. Potsson (A) randong
independent.  Find the expected#
termminates.

Letzx), 2oL ,zZpbethew

o — Xpg annd 5 :Z(xi—;ffn.

iml

Egn=min {x, L,

show that

LetT
T= ¢ B

minimutn vartance unkiased estmator (MY TIE) of @ Then prove that

e integer) 15 the MY TE for E(TK) provided E(T2K < 0.

suppose (21, ¥1),L {2y ¥u) represent arandom sample from AL (0, U,a‘f,aﬁ,p).
suppose o= &, (known), then find a confidence interval of oy /ey, with  confidence
coefficient (1 — o) that incorporates the information that o=,

Let¥y, ¥a, L, ¥abeii d with density
Fix & =£2, x=8, 8=0.
x

{a) Find MLE of &

(k) Dienive the likelthood ratio test for Hp 8=1wv:Hy: 8= 1.

(c) If n=4 and the cbservations are 3 = 3.2, o =40 Xs=20, X4 =546, find the
Pwalue of the test denwvedin (k).
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Let 3,L , ¥y be independent random wariables with comm on probability distribution
function

0 i  x<0
PX=x afl= %}“ if 0=x= @
1 i  x»8

where o, B> 0.

(a) Find a two dimensional sufficient statistic for (o, )
when =1

(b} Find an unkiased estimator of
a+1

Consider aregresston model Yi=8p+ 8 =+ 8, 1=1, ..n

1 i i=1L
"o, ifi=m+LL a

and T2 be the two estimators of S given by

Ta= 171—}; where E=Liﬂ :
My el
(&) WVenty whether Ty and T
Vari ances,
(k) If possible, propos
than that of T

and £1sa 4 x1 vector of uncorrelated random errors with mean 0 and vartance o

(&) WVenty whether the following parametric functions are estimable

(1) 91+ 8, (1) Bt B2+ 83
(k) Find the hest linear unbiased estimator(s) of the estimable parametric
function(s) in (a) above and obtain the variance of the estimator(s).
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M im= K _
SUPPOSE ) = st ~ I, % |, % | with Ez[Ell EIEJ = 0.
% T;nf%ihxll ,32 Iy Ey

Provwe that the necessary and sufficient condition for X atd I to ke

independentis ¥,,=0. Youmay assume §£~Nh (£, 540, 1=12.

suppose the problem is to classify an observation X, inte one of the populations
F.i1=12 Suppose fif ar) denotes the density of x corresponding to population By
Alzo we attach the prior probability 0 = 1, 2) for an observation X to belong to

population ;. Find the total probability of misclassification (TFWD) and prove that
the clazsification rule minimizing TPM 12 given by

spulation F; oand

Az

for an X, if Ep—j classify it as an observation belongin
' Szl

nx
otherwizse belonging to population Fa

gre supposed to be sertally
come acrossin the town  can
#th replacement, find an unbiased
“Alsofindthe variance of your

An unknown number M of tamis plying in a
numbered from 1to I If the n different tazis y
ke assumed to form a simple random samp
estimator of the total number of tasis in the
estitn ator. :

Suppose i a 2 facto siment with factors L B, C, D and E, a replicate 1s
divided into four block ize eight each. How many effects will be confounded?
Iz it possible to confound®he effects AR, BECand ABCY? Tustify vour answer.

ror a comtn odity is approximately 100 units. Every time an order
cost of B 10,000/- 12 incurred. The daly helding cost per unit
2f- If the lead time 15 15 davs, determine the economic lot size and

point. Further suppose that the demand 15 actually an approzimation of a
probabilfEtc distribution in which the daily demand 15 normal with mean (L= 100 and
s.d o=10. How would vou determine the size of the buffer stock such that the
probability of running out of stock dunng lead time 15 at most 0.017



44, Consider the following linear program (LT
max =4z + 1dzo
subiject to

2yt Tuntues =21
T+ Zugtag =21
1, X3, X3, 24 =0,

Each of the following cases provides an inverse matrix and itz cotresponding basic
variables for the LP above. Determine whether or not each basic solution 1s feasible,
Interpret these basic feasible sclutions and hence find an optimal solution. Is the
optimal selution unique?

iy

(&) (x2, 24);
2
—Z
-
Ly

(k) (1, 2a); 2
_7
2
7
45

45,
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