www.sakshieducation.com

MATHEMATICSPAPER IIB
COORDINATE GEOMETRY AND CALCULUS.
Time: 3hrs akl Marks.75
Note: This question paper consists of three sectior® éand C.
SECTION -A
Very Short Answer Type Questions. X@ =20

1. Find the condition that the tangents Drawn f(Or0) to S= x*+ Y2 +2gx + 2fy + ¢ =
0 be perpendicular to each other.

2. Find the length of the chord intercepted by ¢hele ¥ +y*>. =% + 3y — 22 = 0 on the line

y=x-3

3.Show that £+ y* + 2Ix + 4 = 0; X + " + 2my - g.= O Circles intersect each other

orthogonally.

4. Find the vertex and focus of x’~6x=6y+6 = 0.
5.1f 3x — 4y + k = 0 is a tangent to x” =4y’ = 5, find value of k.

1+ xlog x

6. Evaluatej' e (
X

)dx on (0, o).

7. Evaluatejld—);(,x R
+

2
COS X
dx

T/
8. Evaluate j
—n/21+

4
9. Evaluatej se¢0®
0
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10. Solveﬂ _2x-y+l
dx x+2y-3

SECTION -B
Short Answer Type Questions.

Answer Any Five of the Following 5X4=20

11. If the two circles X+ y* + 2gx + 2fy =0 and’+ y* + 2gx + 2fy.= 0 touch each
other then show thatg = fg.

12. Find the equations of the tangents to theeixety? + 2x —2y =3 =0 which are perpendicular to

3x —y+4=0

2 2

13. Find the condition for the line Ix + my + n.= 0.to be a normal to the eIIipseX—2+y— =1
a

b?

14. Find the equation of the tangents to 9x* + 16y” = 144 which makes equal intercepts

on coordinate axes.
15.If e, e; be the eccentricity of a hyperbola and its conjugate hyperbola then

i+_1 =1.

e ¢

1/n
16. Evaluate lim {&J

n-oo n

17. Solve(1+ xz)% +y= lan® x
X

www.sakshieducation.com



www.sakshieducation.com

SECTION-C
Long Answer Type Questions.
Answer Any Five of the Following 5X7=35

18. Find the equation of the circle passing through)(&nd making intercepts 4,3 on

X — axis and Y —axis respectively.

19. Show that the equation to the pair of targyémthe circle S = 0 from P(xy,) IS

St =%.S

20. Prove that the tangents at the extremities of a focal chord of a parabola intersect at

right angles on the directrix.
21. j(6x+5 6— 2% + x dx

1
1+x*

22. Evaluatej dx

23. Find the area bounded between thecurvesy?® =4ax, X = 4by & 0,k> ).

24. Solve (§ — 2xy)dx + (2xy. —Rdy =0
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Maths 2B Paper 3 - Solutions

1. Find the condition that the tangents Drawn from(0,0) to S= x* + y? + 2gx + 2fy +

¢ = 0 be perpendicular to each other.

Sol.Let? be the angle between the pair of

Tangents then tah= —

given 6 = %T radius r=,/g°+ f?-c
2 2 A
Si= X1+ YE+29X1+ 2fy, +c=0+c =c

[ 2 2_
tan 4% = g+i-c

2 2
—+y—+20%x +2fy +
\/xl y71+20% fy, +c

L EE
i c

=1=2Z 1 -
JOF0+0+05c

>g+f-c=c
2. Find the length of the chord intercepted by theircle x> +y? — x + 3y — 22 = 0 on the line y
=x-3
Sol. Equation of the circle is=x? + y*— x + 3y — 22 = 0. Center C%( -%) and

Radius r 5/g? + f2=.¢ = \/l.,.?_,_ 29 :\/1+9+88= %8
4 4 4 44

Equation of the lineisy=x—-=3x-y-3=0

P = distance from the centre to the line

_|%+%-3| - 1 m
T Virl V2

_ e 1 _ . [es-2 a .
Length of the chord = Jr2 —p2 =2 /T —> =2 =~ =v96=4/6units
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3.Show that X + y* + 2Ix + 4 = 0; X+y+2my-g=0

circles intersect each other orthogonally.

Sol. Given circles &+ y* + 2Ix + 4 = 0; %+ y*+ 2my - g = 0 from these equations,
0=-1;f1=0,6=9,6=0,=m, g=-¢
Now 2g0, + 2fif,= ¢, + &
2(1) (0) +2(0) (m) =g—-g
0 = 0-~Two circles are orthogonal.
4. Find the vertex and focus of x’~6x—6y+6 = 0.
Sol. Given parabola is
x2—6x—6y+6=0
x> —6x = 6y —6
(x—3)%-9=6y-6

(x—3)’=6y+3

Vertex = (h, k) = (3, _1j

Focus = (h, k+a) = (3,—£+§j =(3,1
2 2

5.1f 3x—4y + k = 0 is a tangent to x> — 4y’ = 5, find value of k.

Sol. Equation of the hyperbola x* —4y* =5

X2 y2

5 (5/4)

=1 &= 5,8:5
4
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Equation of the lineis3x—4y+k=0

3.k
dy=3x+k=>y=—x+—---(1
y y=,%X*3 (1)

c?=a’m’ - b?

2
k_:5|3g—§
16 16 4

= k?=45-20= 25 k=% 5

6. Evaluate '[ex (Hx—long dx on (0, ).
X

Sol.|' (%jdx Ié‘(logx+xj dx

=€e‘logx+ C

XOR
1+ & = &
so. [ %= {112

_f[,__ €&
_'[[1 1+¢€*

2

7. Evaluate j : dx
+

jdx: x—log(l+ € ¥ C

8. Evaluatej COSX ix
—1'[/21-'-e?<
2

Sol. Let |= | COSXax ... (i)
Tr,21+e?‘
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2 b b
| = J- cos(n/lz n_)/(2— X)dx(,..jf(x)dx:J.f(a+b—X)dX
Td;rlz a a Adding (1) and (2),
_ [ € cosxdx
= J' & ----(2
w2 1F
2 /2
2= | cosx(t+ &), _ [ cosxdx
—1/2 1+¢€ -Tt/2
2

21=2 [ cosxdy~ cos x is even functipn
0

= 1=[sinx]) > = 1=1
4

9. Evaluate J' sedod
0

/4

W4 4
jsec“eda:j seto .séd edcj st@ «1 o 0)d
0 0 0

w4 4 /4
Sol.Let = [ (sec26+ seth ta?ue) @= [ séo6d | th@ <eco d
0 0 0
tan 0 N 1 4
=tanf) "4 +| 2 - 0r—(F Q="
| e Y1 9=
[0}
10. 50|Veﬂ=2X_—y+1
dx x+2y=3

Solb=-1,8=1=b=-4
(x+2y—-3)dy =(2x —y + 1)dx
(x+2y—-3)dy—(2x—-y+1)dx=0
(xdy +ydx) +2ydy—3dy—2xdx—-dx =0
Integrating :

Xy +y —xX—3x—x=¢
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11. If the two circles ¥ + y* + 2gx + 2fy = 0 and %+ y* + 2dx + 2fy = 0 touch each
other then show that fg = fd'.

Sol.S=X+y+2gx+2fy=0
Centre G = (-g, —f), radius; =/g® + {2
S'=x®+y+2gx +2fy =0

Co= (g, ), =92 + 12

Given circles are touching circles,
O C1C2 =n+n

= (CIC)* = (1. + )

(g’—g)2+(f’—f)2= gz+f2+g'2+f'2+2\/gz+f 2\/9{ 2, ¢ 2
—2(gd + ) = 2{gzg’2+f2f'2+ng' 2, ¢ 6 ? 12
N (gg’+ff')2:gzqz+f2f’2+g2f' 2,4 6 2
:>29gff':ng'2+fzg'2
:>g2f12+f2grz_2ggﬁ:r:0
= (gf' -fg')? =0 = gf'=fg
12. Find the equations of the tangents to the cirel ¥+y? + 2x — 2y — 3 = 0 which are

perpendicular to3x —y+4=0
Sol. S=x*+y? 42x-2y-3=0, centre C(-1, 1)

and radiusr =v1+1+ 3= \/_5

Equation of the line perpendicular to 3x-y+4 =0 is

x+3y+k=0
-1+ 3+k (k+2)2
V5=|———|=5=
V1+9 10
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=50 = K+4k+4 = k*+4k-46 =0

::—4iV16+184

2

k:_A'J—'Tm\/_Z:_zJ_ra/E

=k

Equation of the required tangent is

X+ 3y — 2+ 5V2 =0

2 (2
13. Find the condition for the line Ix + my + n = 0 to be a normal to the ellipse x_2+yg =1.
a
X2 y?
Sol. Equation of the ellipse is _2+F =1
a

Let Ix + my + n =0 be normal at P(a)

Equation of the normal at P(a) is :

A
cos sirB
Lx + my =-n . (2)

Comparing (1) and (2)
| __m _ n
(ws) (sm) 1
cosO sind
Icosez—msirﬂz -n
a b a-b?

-an : bn

o= @y ST 2o )

cos @+ sirfo= 1
a?n? . e
|2(a2 _ b2)2 m2(a2_ b2 )2

a b _ (-1

— +— =————=is the required condition.
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14. Find the equation of the tangents to 9x> + 16y” = 144 which makes equal intercepts on
coordinate axes.
Sol. Equation of the ellipse is

9%’ + 16y” = 144

Equation of the tangent is 5c036+% sim=1
a

Slope of the tangent = - bCQSe =-1
asind
cotg=2 -4
b 3

cosO = iﬂ ,Sih = J_r§
5 5

Equation of the tangent is:

i(iﬂj*_l(i_sj:l
40 5) 3\ 5

Xty+5=0

15.If e, e; be the eccentricity of a hyperbola and its conjugate hyperbola then

i+_1 =1.

e ¢
Sol. Equation of the hyperbola is
2 2
s= Y m1
al b
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Equation of the conjugate hyperbola is

XY Y X _
ZF T &
_ @t + 1 p_&+_1_ P )
o 7 g @+ B
Adding (1) and (2)
1 1 & ¥ _ &+ 6 _
—+ == + = =1
e & &+ & B &+ B
16. Evaluate lim {%}
Sol: lim {—(”!)M}
noe| N
noo| N
r 1/n
=lim (I——nn)}
n-o| n
r 1/n
Let y=Iim Lr;)}
n-o| n
- st 353
log.y=lim=log{{ = (| = |..{ = |.-{ —
noo N n n n n
= lim 3 log "
—Illmonrz:ilogn
—im L50g(
_I|1|£Tl)nZIog(n]
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1 1
=J'Iogex=[xlogx]2—_[dx
0 0

:[xlogx—x]t
=[x(logx-DJ; = -1

Dy:e‘lzl.
e

17. Solve(1+ Xz)% +y= gl x
X

dy 1 éan'lx
Sol. &+1 S = 2 which linear differential equation in‘y.
+X + X
j dx

Sol is vy.LF. :/.l.szQ. I.F. dx

tan™ xy 2
] e
y@tan ij%dx (1)

tan* x\ 2
( )" i puttan® x t X _ gt

1+ x?

Considerj
1+ x?

2t tant x
= [ (¢ Pdt=| ' dt= = = ¢
2 2

-1
2tan — X c
+—

Solution isy @@ x =
2 2

~1 -1
2y®tan x=e2tan Xy C

18. Find the equation of the circle passing through (@) and making intercepts
4,3 on X — axis and Y —axis respectively.
Sol.

www.sakshieducation.com



www.sakshieducation.com

(0,3)

).

00 K (4.0)

Let the equation of the circle be % x y* + 2gx + 2fy + ¢ = 0.
Given circle is making intercepts 4, 3 on X, y -sakespectively.
Therefore, (4,0) and (0,3) are two points on thelei

Circle is passing through

(0,0), (4,0) and (0,3).

(0,00=0+0+2g(0)+2f(0)+c=0

C=0
(4,0)= 16+0+8g+2f.0+c =0
G=2asc=0

(0,3) = 0+ 9+29.0+6f +c =0

f=-2asc=0

Required equation of circle isX y* -4x — 3y = 0
19. The equation to the pair of tangents to the aite
S =0fromP(x, y1)is $*=5,S

Proof:

Pl ¥l E Ol va)
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Let the tangents from P to the circle S=0 touehdincle at A and B.

Equation of AB is $=0.

i.e., xx+yy+g(x+x)+f(y+y,)+c=0=====i)

Let Q(xy2) be any point on these tangents. Now locus @filQbe the equation of the
pair of tangents drawn from P.

the line segment PQ is divided by the line AB ia thtio -$::S,,

PB _|Su
QB S,

=

i)

BUT PB=./S,,QB=,/S,, :%: E ----iii)

2
Fromi) and iii) = Su="u
22 822

= S,S,,= 5%,

Hence locus of)(x, y,) is S,S=57

20. Prove that the tangents at the extremities of a focal chord of a parabola intersect
at right angles on the directrix.

Sol. Let the parabola be y* = 4ax

Equation of the tangent at P(t,) is

ty = x +at?
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Equation of the tangent at Q(t,) is
t,y =x+ats
Solving, point of intersection is
Tlayt,, a(t+ t;)]
Equation of the chord PQ is
(t +ty)y =2x+2aht,
Since PQ is a focal chord, S (a,0) is a point on PQ.
Therefore, 0 = 2a +2at,t,
= tit,=-1.
Therefore point of intersection of the tangentsis ' [-a,a({ + t,)].

The x coordinate of this point is a constant."And that is x = -a which is the equation

of the directrix of the parabola.

Hence tangents are intersecting on the directrix.

21. j(6x+ 5N 6- 258 + x dx

Sol.

let 6x+5:Ad—CL(6— 2% + >§+ B

= 6x+5=A(1-4x)+B
Equating the coefficients

6=—4A:>A=_73

Equating the constants
A+B=5

B=5-A=5+5=13
2 2
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j(6x+5 6- 2 + X dx

:——J.(l 4x)N 6- 2><2+xo|x+13 6- 2%+ xdx
:—2(6_ 2)5/; i 13\/_.[,/3 X2+ dx
=—(6-2x2 + x)*/2+ J.\/( j ( 1) dx

13
=—(6- 2%+ x)¥ 2+ ==
( ) N
Ty e I
X==[([3=X"+ X==
4 2, B8g1l 4\,
2 32 (7)
4
13
=—(6-2x°+x)¥ 2+ ==
( ) NG
(Ax-IN6-2¢+ x 49, 1f 4] /.
16x 2 32 7

=—(6-2x% + x)*/ 2+i—2 (4x=1)

\6— 2x% 4 X + 637 sin'l( 4x= 1j+ C
322

22. [ —Ldx

Sol. J' ’ dx

1+ x*
:}I 2 :_1 I+ x°+ 1-X dx
2 1+X 2 1+ X
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1
1+= =-1
-1 X 4 X dx
2 2, 1 2, 1
Xt g X,
1+~ 1-—
:1 '[ 2X2 dX—J. 2X dx
2 1 2 1 2
() (el
X X
L x-1 L x+2-\2
=5 tan™ —=X X +C

— - log
V2 V2o 22 Tl
X

_ 1[ LX-1 1 X142
=——| tan -

2
—lo +c
22 Wz 2 em fzJ

23. Find the area bounded between the curves y’ = 4ax, X = 4by & 0,k> .

Sol: Equations of the given curves are

X
Fromequation (2) y = —
q (2)y a5

2 2
Substituting in (1) X = dax
4b

x* :(16b2) | 4ax |
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x[x3—64b2a]: 0

X=0,x=4 (bza)%

Area bounded will be

Il
—
[ 1
ﬁ
X
J>|><N
[
o
3

= %3 ab sq.units

24. (¥ — 2xy)dx + (2xy —X)dy = 0
Sol. (y*—2xy)dx + (2xy —Rdy =0
(2xy — X)dy = —(y — 2xy)dx
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dy _2xy-y*
dx  2xy-x?

Puty=vx:>ﬂ=v+x$/
dx dx

dv _ 2w - v?x? x2(2v— v2)
V+HX—= =

dx  2vx?-x? x2(2v-1)

dv _ 2v-
X— = -V

dx 2v-1

_ 2v—v? - 2v2 + v_ 3v(d- v)
2v-1 2v-1

[2L gy =g & (1)

v(l-v) X
Let 2v-1 :A+ B

vl-v) v 1-v
2v-1=A(1- v)+ Bv
v=0=>-1=A=>A=-1
v=1=1=B= B=1

J'(_EJ,_ljdV:gJ'Q(
v 1+v X
—logv-log(1- v)= 3logx+ logc

log =log o

1
v(l-v)

=ex®S v(1- v):i3
v(1l-v) CX

x(l_xj:ijz(uj:i
x\U %) ox®  xU x ox’

1
xy(x—y)=E=k:>xy(y—X)=—

=k

olk.
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