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MATHEMATICS l

Duration: ThreeHours [Maximum Marks 150

» Read thefollowinginstructions carefully
1. Writedl theanswers in the answer book.
Thisquestion paper consists of TWO SECTIONS: A and B.
Section A has Seven questions Answer All questions in this section.

Section B has Twenty questions. Answer any TEN questions from this section. |1f more number of questions is
attempted, strike off the answers not to be evduated; dse only theFirst Ten un scored answers will be considered.

Answers to Section B should gart on afresh page and should not be mixed with answers to Section A.
Answers to questions and answers to parts of a question should gppear together and should not be separated.
In dl questions of 5 marks, write dearly the important stepsin your answer. T hese steps carry patid credit.
. There will be no negative marking.

» Note

1. Thesymbols N, Z, Q R and C denote the set of naurd numbers, integers, raiond numbers, red numbers, and
complex numbers respectively.

2. Zn/nZ denotes the ring of congruence dasses modulo n.

A v

© N o o

3. C! [a, b] Denotes the space of continuously differentiable functions.

SECTION-A (100 MARKYS)

1 This quegion has 30 parts. Each part carries two marks. For each part only one of the suggested
dternatives is correct. Write the aphabet corresponding to the correct dternative in your answer
book.

(302 = 60)
1.1  Let M beamXn(m< n) matrix with rank m. Then
(A) For every b in R"Mx = b has unique solution

(B)  Forevery bin R"Mx=b has asolution but it is nat unique

(C) Thereexistsbe R™ for which Mx=b has not solution
(D)  Noneof the above

1 10
-11 2 _
12 LeM= 505 0§ . Then therank of M isequd to

-1 0 1

(A) 3

B|B) 4

©)2

Oy 1

1.3  Let Fbeafinitefield. If f:F —F,gvenby f(x)=x isaringhomomorphism, then
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(A)F=2/3z

(B) F=Z/2Z or characteristicof F =3

(C)F=Z/2ZZ or 2/

(D) CharacteristicF is 3

If Sisafinitecommutativeringwith 1 then

(A) Each primeidea isa maximum ided

(B) Smay have aprime ideal which is not maximal
(C) Shas no nontrivid maxima ideals

(D) Sisafield

Let f bean entirefunction. If f satisfies the followingtwo equations f (z+1) = f (z),
f(z+1) =" (z) forevery zinC, then

(A) f'(z)=1(2)

(B) f(z)e RY,

(C) = constant

(D) fisanon-constant poly nomid

Theresidue of % az=0is

(A) 0

1
(B) 7
© =

71
(D) Noneof these

Let I'denote the boundary of the square whose sides lies dlong x=+1 and y=+1, where T is

dz is

described in the positive sense. Then the vaue of '[
» 2z2+3

7
(A) vy

(B) 2ri

(C) 0

(D) —27xi

Let X bethe space of polynomias in onevariable
For pe X, p(t)=a,+at+..+at", la

Il=sub{l(o)f:0<t<1],

el =la|+[a+... +[a,]
Then

(A)  Xiscompletewith|.|
(B) X iscompletewith .|,
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(C) X cannot be nor med so asto makeit complete
(D) None of the above
Let X and Y benormd linear spaces. Every linear map T : X — Y is continuous if

(A) dim(X)<eo
(B) dim(Y)<eo
(C) dim(Y)=1
(D) X=I?
12 0
All theeigen values of thematrix |2 1 0 | lieinthedisc
0 0 -1
(A) |A+1<1
(B) |4-1<1
(C) |A+1<0
(D) |[A-1<2

n

> (1)%(1-x)"" isequa to

k=0

(A) X

(B) 1

(€ x

(D) x°

The equation e—4x* =0 has aroot between 4 and 5. Fixed point iteration with iteration function
1 x/2

—e

2

(A) Diverges

(B) Converges

(C) Oscillates

(D) Converges monotonicaly
1

Theformula A, f (—%j+Azf 0)+Af @j which approximates theintegra j f (x)dx is exact for
-1

polynomias of degree less than or equa to 2 if

() A=A=3A=2
® A=A=A-1

4 2
©€) A=A =§’A1:—§
(D) None of the above
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If x=¢ is adoubleroot of the equation f(x)=0 andif f"(x) iscontinuousin aneighborhood of

2f (x
& then theiteration schemefor determining &: x. ., = %, —% has the order
(A) 2
(B) 1
(C) Lessthan2
(D) Lessthan1

Let f(x,y):%yz,(x,y)i(o,oyf(o,O):o.Then

(A) fiscontinuous a (0,0) and thepartia derivatives f,.f, exist a every poirt of R

(B) fisdiscontinuous a (0,0) and f,. f exist & every point of R

(C) fisdiscontinuous a (0,0) and f,.f exist only at (0,0)

(D) None of the above

Let f:[ab]—(0,) becontinuous. Let G, ={(x y): y= f (x)} bethe graph of f. Then

(A) G is measurabl e with measure zero in R?
(B) Gsis measurableonly if f is differentiable in (g, b)

(C) Gt is measurable and the measure of Gy lies between (b—a) f (a) and (b—a) f (b)
(D) G need not be measurable

Let f:R— R beacontinuous function. If f(Q)c N, then

(A) f(R)=N

(B) f(R)< N but f need not be constant

(C) f is unbounded

(D) f isaconstant function

Let f:[a,b]— R beamonotonic function. Then

(A) fiscontinuous

(B) fisdiscontinuous a most two poirts

(C) f is discontinuous &t finitely many points

(D) f is discontinuous at most countable points

Let f:[0,10) —[0,10] beacontinuous mapping. Then

(A) f need not have any fixed point

(B) f has @ least 10 fixed points

(©) f has at least 9 fixed points

(D) f has &t least one fixed point

Let X be anonempty set and 7,7, betwotopologes on X. Let f :(X,7,)—(X,7,)be amapping
If f isahomomorphism, then

(A) =1,

(B) 7, =7, and f is theidentity mep
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(C) 7, isfiner than 7, implies X isinfinite

(D) Either 7, isfiner than z,or z, isfiner than 7,

The orthogond trajectories of the family x*—y?=C, are gven by

(A) x*+y*=C,

(B) xy=GC,

© y=GC,

(D) x=C,

For the differentia equation t (t—2)" y"+ty'+ y=0, t=0is

(A) Anordinary point

(B) A branch point

(C) Anirregular point

(D) A regular singular point

Suppose that y, and y, form a fundamenta set of solutions of a second order ordinary differentia
equation ontheinterva —o <t < 40, then

(A) Thereisonly onezero of y, between consecutive zeros of Y,

(B) Therearetwo zeros of 'y, between consecutive zeros of y,

(C) Thereisfinite number of zeros of y, between consecutive zeros of ',
(D) None of the above

t
The generd solution of the sysgem of differential equations (zi—)t(:MX+bwhere X =[Xi( )} M,a

X (t)

01 1
2x2matrix [1 0} and b, a 2x1 constant vector u isgven by

(A) é"c+b

(B) é"c+ht

(C) é"c-b

(D) é"c—bt wherecisany 2 x 1 constant vector.

The generd solution of @+ﬁ: 0 isof theform
ox>  9y?

(A) u=f (x+iy)+g(x-iy)

B)u=f(x+y)+g(x-y)

(C) u=cf (x—iy)

(D) u=g(x+iy)

Suppose P and Q areindependent events of an experiment E. Then it follows that
(A) Pand Q aredependent

(B) Pand Q are mutudly exclusive
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(C) Pand Q are dependent

(D) PandQ areindependent

Let X, denote the sum of points obtained when n far dice are rolled together. The expectation and
vaianceof X, ae

7 35
A) —n and —=n? respective
(A) > 12 p y

(B) ;n and i’—gn respectively

12
(D) Noneof the above
Let b, and b, denote the regression coefficient of Y on X and of X on Y regpectively. Then
b, =lb,, implies that

© (szn and (B—ST respectively

(A) o,=0,

(B) p=1

(© p=0

(D) Noneof theabove

Theteg of asimplenull hypothesis H,: 6 =6, of sizea is biased if

(A) Thepower function of thetest assumes avaueless than o for some € 6,
(B) The power function has avaueless than o when 6 =6,

(C) Theprobability of accepting the null hypathesis when it istrue is larger than the probability of
rgectingthe null hypothesiswhen it is true

(D) Thepower function has avalue greater than oo when 6= 6,
Consider thefollowing LPP:
Max z= X,
Subject to x, +X, <1
X =% =1
2% +% =1
X, 20
And X, =0
The solution to its dua is
(A) Unbounded
(B) Infeasible
(C) Degenerate
(D) Bounded

This question has 3 pats. Each pat has two column of severd entries. Each entry inthe left column
correspondsto aunigue entry in the right column. Write the correct pairsin your ansver book.

(5x3 = 15)
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Let V beafinitedimensiona vector space over R

(i) Thereexistsalinear map f :V — suchtha f*=-Id

(1) For Al linear maps f :V -V thereexists aproper 1-dim.
(iii) Visfiniteunion of 1-dim. Subspaces

(iv) Thereexists aunique f :V —V suchthat f2= f

(v) Thereexistsaproper 1-dim. Subspace W such that VAW is connected
(A)dim(V)>3

(B) dim(V) =1

(C) dim (V) isodd

(D) dim (V) iseven

(E) dm (V) =0

@ I*

(i) (C'[ab]|.)

(iii) 12

@iv) I~

v (RI-1,)

(A) Norm satisfiesparalldlogram | aw
(B) Complete, non-reflexive, separable
(C) Non-separable, complete

(D) Finitebasis

(E) Not complete

(F) Denumerable (Hamel) basis

In a series of Bernoulli trias with probability p of success the gopropriate distribution to obtan
probability that

(i) 1% success occurs a thex™ trid is
(i) k" (k>1) sucocess occurs & the X" trid is

(i) x number of failures occur in order to register k(>1) number of successis
(iv) x number of successes occur ink triasis

(V) x number of successes occur ink tridsfor k — o and p—0suchthat kp —» « is

Xx=1) .
(A)(k_Jp q*

k
oo

X+k-1)
o2 va
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©) e

X!
(B) g'p
(F) ae™

3. Let A bea nxn norma matrix. Show that Ax= Ax if and only if A* x=Ax.If A has, in addition, n
distinct red e gen values, show that A is hermitian.

()
4, Let {u,:n=12...] be an orthonormal set in a Hilbert space and xe H. Show that

Z‘Q:|(x,un)|2 =M, if and only if xe span(u,:n=12,.....).
n=1
(5)

5. Let Za11 be a convergent series with a, >0 for dl nand let f : R— R be a continuous function.
n=1

Show that the series ian f (a,x) isconvergent for dl x.
n=1

)
6. Derive the transcendentd equation for determining the e gen vaues A of the BVP:
y"+ A%y=0, y(0)=0, y@)=y'@
Determine the smdl est positive eigen vaue correct to two decimal places.
)
7. Thejoint probability density function of X and Y is gven by
4(x+Yy)

f(xy)=7 5%
0 Otherwise

, 0<y<1l1<X<e

Let g(A):P(O<Y<%

X>Aj

Find the maximum and the mini mum value of g(A).

()
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SECTIONB (50 M arks)

Answver any TEN quedionsfrom this section. Each quedion carries5 Marks

8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Let f:R — R® be alinear mapping Show that there exists a one dimensional subspace V or R®
such that it isinvariant under f.

Let G be asubgroup of the multiplication group of all nonzero complex numbers. If G isfinite, then
show tha G isgydic.

If f is anon-constant entire function, then show that the range of f is dense in C.
deo 2

a+bcosé Ja2 +b?

Let X be aBanach space, Y and Z closed subspaces of X suchthat X =Y +Z and YNZ ={0} . If
P:X —>Y is amg gven by P(x)=y, where x+z yeY and ze Z, then show tha P is
continuous.

Let H beaHilbert spaceand F a closed subspaceof H. Let ac H and ag¢ F . Show that there exists
alinear functiond f on H such that

(i) f=0onF

V4
Evduate J. ,a>b>0.
0

(i) f(a)=d(aF),thedistanceof afrom F and
(iii) || f|=1

Given the BVP: y"+y=0, y'(0)+y(0), y(1), use the second order finite difference method with
the step sizeh = 0.2 and set up in the matrix form the sysem of 5 equations in 5 unknowns.

Thefunction defined by f (x) =J.2i\;f is tabulated for equally spaced value of x with h =0.1. What
1

is the maximum error encountered if piecewise quadratic interpolation is to be used to caculate

f (X) where Xe [1,2]?

1
Supposethat f(x) >0 for all xin [0,1] f continuouson [0,1] and _[f(x)dx:o. Show that f =0.
0

1
If gis continuous on [0,1] and Ig (x)x"dx=0,n=0,1,2,... then provedso thag =0.
0

Let f:R?—> R be a function such that |f(x y)<x*+y? for dl (xy)eR*. Show that f is
differentiable & (0,0).

Using Lap lace transform, solve

d’y _dy
—5=2+4y=¢€*, y(0)=Ly'(0)=-1
o A= y(0)=1y'(0)

Find the complete integra of the equation
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oz 0z

2 2 — ’ h =— q=—
(p?+9?)x= pz, where p ¢ >
2w _2%
ot ox*’
0(0t)=6(at)=0, and 6(x,0)=6,(Constant)

Solve 0< x< a,t >0 subject to the conditions:

A dring of length | and mass « per unit length, with fixed ends, is stretched to atension F. Derive
the equations governingthe displacement y(x,t) using Lagrange' s equations.

Let S' be the cirde in R? with the subspace topology. Show that there does not exist any injective
continuous function f :S" — R.

Let X be a count ably infinite set. Construct atopology zon X suchthat ( X,7)is Haudorff and 7is
not discrete.

(? If T is an unbiased esimator of 6, then show that T2 is nat necessarily an unbiased estimator of
0"

(b) Giventhat T, and T, areboth efficient estimators of 6 with variance v, find the condition so that

T+T, . . .
T= 1; 2 js dso an efficient estimator of 0.

Let VY,Y,,.....Y; be a random sample of size 15 from the probability density function
fy(y):3(1—y)2,0< y<1

I : 1 B
Usethe centra limit theorem to approximate. P(?; <Y <E_3j'

Suppese tha X = (X Xy, Xyg) IS @ random sanple from a norma distribution with mean 6

and standard deviation 1.8. it is desired to test the null hypathesis H,:0=2 aganst H,:6 #2,
using a significance level 0.05. Derive the power function of the two-tailed tes with critica regon

{ X:|X-2> k} . Give arough sketch of the power function.

A trangportation problem for which the costs, orign and availabilities, destination and requirements
are gven asfollows:

D, D, D,
Q2 1 2|40
Q|9 4 7|60
Q1 2 9|10
40 50 20

Check whether the following basic f easibl e solution
Xy = 20, X; =20, %,, =10,x,, =50

X =10 aNd X, = X3 = X = %55 =0
Is optimal, If not, find an optimal solution
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