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MATHEMATICS l

Duration: ThreeHours Maximum Marks 150

» Read thefollowinginstructions carefully
1. Writedl theanswers in the answer book only.
2. Thisquestion paper consists of TWO SELECTIONS: A and B.
3. Section A has SEVEN questions Answer ALL questionsinthis section Answers to questionsin this section must be

written only on the first ten pages of the answer book. Thefirst two pages of the answer book show boxes where the
student should gve answers to multi ple choice questions.

4. Section B has Twenty questions Answer any TEN questions from this section. If more questions are attempted,
score off the answers not to be eva uated; dse only First Ten un scored answers will be considered.

Answers to Section B should gart on afresh page, and should not bemixed with answers to Section A.

In dl question carrying five marks each, write clearly the important steps inyour answers. T hese stepscarry credit.
Answers to questions and answers to parts of a question should gppear together and should not be separated.

. Therewill be no negative marking.

> Note

Thesymbols R, R", R™",C™" respectivey denotethered ling, the set of n-component column vector over N the

© N o g

set of m x n matrices over & and the set of m x n matrices over C, the set of complex number. Cl[a,b] is the set of
continuously differentiable functions on [a, b] and C?2 [a, b] the sat of twice continuously differentiable functions on
[a,b].

SECTION —A (100 M arks)

1. If f(x) isred vaued function defined on [0,] suchthat f(0)=0 and f"(x)>0 for al x, then

f
the function h(x) = E(X) is

(A) Incressingin [0, =]
(B) Decreasingin [0,1]
(C) Incressingin [0,1] and decreasingin [1, |

(D) Decressingin [0,1] and increasingin [1, o]

2sinx ,
1.2 - j e'dt a x=rx is
X

(A)1
(B) -1
(€2
(D) -2

13 Le f(xy)=+0]. Then
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ik ke ot
(A) f, and f, donot exist a (0,0)
(B) f,(0,0)=1
(C) f,(0,0)=0
(D) f isdifferentiable a (0,0)

1.4 Inametric space (x,d)

(A) Every infinite set E has alimit point in E

(B) Every closed subset of acompact set is conpact
(C) Every closed and bounded set is compact.

(D) Every subsd of acompact set is closed.

15 Let (xd)be a complete metric space and f: X — X satisfiesdf (x), f(y)<

o,0<a<lfordl x,ye X .
(A) f isbounded function on X

(B) f need not be continuous on X.
=

(C) { f (xn)Jn:1

(D) f(p)=pforsome pe X.

16 Lt f( ) 1/x If n<x<n+1
' 0 otherwise

If £(x)lim f,(x), then j dx_nmj x)dx follows by

X—00 X—>o0

(A) Bounded Convergence Theorem
(B) M onatone Convergence Theorem
(C) Dominated Convergence Theorem
(D) None of the above

sin X
W ’

(A) { f,(x)] _, doesnot converge uniformly in [-1,1]

1.7 Le f (x)= n=12,.. and xe [-11]. Thenas n— o,

(B) ||mjf n)dx#0

(C) { f.(x)] doesnot converge uniformly in [-11]

(D) f,(x),n=1,2 isnot uniformly continuousin [-1,1]

1.8  Thefunction w(z):—(%+ sz,—1<b<], maps|z|<1 onto

a(x,y) for some
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1.9

1.10

111

1.12

1.13
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(A) A hdf plane
(B) Exterior of thecircle
(C) Exterior of an Ellipse
(D) Interior of an elipse
Thefunction f(z)= {(2)2/ Z It 220

0 If z=0
(A) Stisfies the Cauchy-Reimann equations a z =0
(B) Isnot continuous & z=0
(C) Isdifferentiable at z =0
(D) Isandyticat z =1

2

The value of dz is

e (2+)°

(A) 2rie?
8ri
(B) e 2
2ri
©) Te‘z
(D)0
Let (x, 7) beatopological space, where X ={a,b,c,d} and 7= ¢X,{a} {a,b},{ac}{ab,c}].The
limit points of the Set A = {a,c,d} are
(A)aand b
(B)bandc
(©) candd
(D)dand a
Let A and B be nxn matrices with the same minimal polynomia. Then
(A)AissimilartoB
(B) A isdiagondizableif B is diagnosable
(C) A-B is singular
(D) A and B commute
Let Ae C™" and A’ A* denoterespectively the trangpose and conjugate transpose of A.
Then
(A) ran (AA*A) =rank (A)
(B) rank (A) =rank (A2)
(C) rank (A) =rank (A’A)
(D) rank (A% —rank (A) = rank (A% —rank (A%
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1.14

1.15

1.16

117

1.18

1.19
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. ) ab
Consider 2 x 2 matrix, A:( j

c d
If a+d=1=ad—bc, then A® equals
(A)0
(B)-1
©3

(D) None of these
Let C,, denotetheset of al 27 periodic continuous functions. Let S; denote the Fourier series of f.

Tha S, ¢ C,, forsome f ¢ C,_, follows from

27
(A) Principle of Uniform Bound ness

(B) Hahn Banach theorem

(C) Open mapping theorem

(D) Closed graph theorem

The sequence {x,} of mxm matrices defined by theiterations

X ,=2X -X, AX,. n=012

When X, =1, theidentity matrix convergesto A™, if each eigen vaue A of A satisfies
(A) [4<1

(B) |[A-1<1

(©) |4+1 <1

(D) None of the above

A nontrivia solutions of

Xy'+xy'+4y=0, x>0 ae

(A) Bounded and non periodic

(B) Un bounded and non-periodic

(C) Bounded and periodic

(D) Unbounded and periodic

Every solution of y"+ay'+by=0, where a and b ae constants, approximate to zero as
X — oo provided

(A) a>0,b>0
(B) a>0,b<0
(C) a<0,b<0
(D) a<0,b>0

The boundary vaue problem
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1.20

121

1.22

1.23

1.24
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y"+ky=0, y'(0)=0, y'(z) =0
Has non trivia solution for

(A) All negative value of k

(B) All the vaues of k

© k=0

(D) k=£fn,n=12,....,

Let f(xy)=x-y andcbetheboundary of thesquare S={(x,y):0<x<10< y<1].
of
Th f—d a
enj; >~ ds equals

(A)0

B)1

©2

(D) None of these

The work done in moving a particle in the force field F = 5x% + (xz— y) ] +37k aong the straight
linejoining (0,0,0) to (1,1,1) is

(A)0

(B)1

©2

(D)4

The linear progranming problem Max. (-3x+X,) Subject to the constrants 2x +Xx,<4,
X +X,<1, X, +%X,21, 3%+ X, >3, where x;,X, =0 has

(A) Unique of optima solution

(B) Alternative optima solution

(C) Constraints leadingto an infeasible regon

(D) Constraints leading to an unbounded regon

If X andY are independent N(0O,1) variables, then the characteristic function of XY is,

(A) e
(B) (1+t2)
(©) (1+1)™
(D) (L+t?)"
0 If =
LaF(w):{l If ;/;i

Then F is not aprobability digribution function because
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1.25
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2.2

2.3
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(A) It is discontinues

(B) It isnot Monotonein xand iny
(C) It isnot right continuous in x and y
(D) It does nat satisfy

I nk
Iime‘”Z—
N—eo k=n k'

(A)IsO
®)ls1
1

(D) Does not exist

n

Thelargest interna in which i(—l)n XF Conver ges is
(A) (=1.1)
(B) [-1.1)
(©) (-1,1)
(D) [-1.1]

ST
im 2 ek

k=1

(A) log4/3
(B) log3/4
(C) log 3/2
(D) log5/4
Let E.k=12,....n, bepair wisedisjoint subset of red line R with Lebesgue measure m(E, ) =k®. If

E=(JE and ¢(x) :Z%XEk , Where X, is the characteristic event function of ~E,, then the
k=1

k=1

Lebesgue integral I ¢ dx eguals
E

(A)0

(B) Logn

n(n+1)
2

n(n+1)(2n+1)
6

(©)

(D)

The conjugate (aso called symmetric) point of 1 + i with repect to thecircle |z—]]: 2is
(A) 1-i
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2.5

2.6

2.7

2.8
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(B) 1+ 4i

(©) 1+ 2

(D) —1-i

Theresidueof f(z)=cotz a any of itspolesis
(A)0

(B)1

(© V3

(D) Noneof these

The harmonic conjuggate of

u(xy)=x*—y*+xyis
(A) X*—y* —xy
(B) X*+y*—xy

(©) 2xy+%(y2—x2)

(D) %xy+2(y2—x2)

Thesingularity of €" at z=cois

(A) A pole

(B) A removable singularity

(C) Non isolated essentid singularity

(D) Isolated essentid singul arity

Let d<X y>=[x—Yy]|+|x —Y,| beametric defined on %> where x=(x,%,) and y=(y,¥,).
Then the set

S:[XG R2:d < x,0>=1) is

(A) A circle

(B) Andlipse

(C) A rhombus

(D) A rectange

Let Ae R™"Be R". Consider thetwo systems of linear equations,
()] Ax=Db and

(n A'Az=A'b

Then

(A) Both (1) and (I1) have the same solution

(B) (1) has more solutions than (1)
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(C) Both (1) and (11) may not have any solution
(D) (1) may not have any solution but (I1) dways has a lest one solution.
210 Let A bean nxnmatrix whichis both Hermitian and unitary. Then
(A) A =|
(B) A isred
(C) Theeigenvaueof A are0,1,-1
(D) The characteristic and minimal polynomias of A arethe same.
211 Thereexist zero-divisorsin
(A) Theringof integers modulo aprimep
(B) Thering of red matrices of order p
(C) Theringof polynomiads and afield of characteristics
(D) Theringof entirefunctions
212 Let Gbeagoup suchthat a®=e for eaxch ae G, whereeistheidentity eement of G. Then
(A) Giscycdlic
(B) Gisfinite
(C) Gisabdian
(D) G has asubgroup which is not norma
2.13 The Lagange interpolation of the function f (x) =x* onthe interva [-1,1] has the least maximum
error, if the nodes of interpolation are
(A) Zeros of the leg ender poly nomials, P,
(B) Zeros of Chebyshev polynomids, |,

(©) {k/(n-1):0<k<n-1]
(D) {k/(n+1):1<k <n]
2.14 Thefollowing matrix admits a Cholesky (aso cdled LL*) decomposition:

A) (1
i1
(B) 1 2
=2 1
©) 1 -2
-2 5
D) 11
12 2
215 Thevdueof thelineintegrd @%Jr;dy,wherecistheunit circlecentreat 0, equals,
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(A) 27

(B) 2z

(O)Y

(D) None of these

If (f(xy,2) isaharmonic function in adomain D containing the regon T + x>+ yh2+2z? <100,
then the surface integral

I xa—f+i+ﬂ ds, where s: x*+ y?+2z? =100, equas
oX dy oz

(A)O
(B)1
(C) 10
(D) 100

Let R betheimage of thetriangular region Swith vertices (0,0) (1,0) and (0,1) is uv-plane under the
transformation x =2u—3v, y=u+v,

S

Then jijdA equas

(A) jsj(zu—sv) ds

(B) 3]3[ (2u=-3v)(u+v)ds
() —jsj(2u+3v) ds

(D) 5J;[(2u—3v)ds

If y,(x) and y,(x) aresolutions of

y"+xy'+(1-Xx*) y= ysin x

Then which of thefollowing is asoits solution?

(A) v, (X)+ Y, (x)

(B) ¥:(X)=¥2(x)

(©) 2y,(X) =Y, (x)

(D) vi(X)—2y,(x)

If y,(x) and y,(x) aresolutions of y"+x*y'+(1-x) y=0such tha

y,(0)=0, y'=(0)=-1and y,(0)=y,(0)=1 thenthe Wronskian W(y,,y,) onR

(A) Isnever zero
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(B) Isidentically zero

(C) Iszero only & afinite number of points

(D) Is zero a count ably infinite number of points
For the differentia equation xy'—y=0

Which of thefollowingfunction is not an integrating factor?
1
(A) =z
1
B) =
y2
1
©) —
Xy
1
(D) —
X+Yy
The patid differential equation
YU, —(*-1)u, =0, is
(A) Parabolicin {(x, y):x<0]
(B) Hyperbolicin {(x, y) 1y >0}
(C) Ellipticin R?
(D) Parabolicin {(x, y): x>0}
The patid differential equation of thefamily of surfaces z=(x+y)+A(xy) is

(A) xp-yq=0
(B) Xp—yg=x-y
(C) Xp+yq=Xx+y

(D) xp+yg=0

A partticle moves in the xy-plane under the influence of a centra force which varies inversely to its
distance from the centre of force. If T is the kinetic energy, V is the potertid energy, L is the
Lagangan and H is Hamiltonian of the system, then

(A) L=H-V

(B) H=T-V

(C) H=T+V

(D) None of these

Which of thefollowing statements is the strongest?
(A) X, convergesto X in probability

(B) X,, convergesto X in distribution
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(C) A subsequenceof { X} convergesto X withprobability 1
(D) E(X,-X?) >0 a n— .
225 P(A|B)+P(A|B°)is

(A) P(A)

(B) 1

(C) Greater than P(A)
(D) None of these

1 Let f:(0e)—>%R beatwice differentiable function and | f (x) <1] f"(x)|<2 for al x. Show that
| 1(x)|<2v2 foral x.

2. Le f(x) bean entire function satisfying |f (z)|<k|Z" for some constant k and all z. Show that

f (z)= az*for some constant a

L I N.. 1
. . _ A W B - 1

3. Find the eigen vaues of then x n matrix. A=
B U EmY... 1

Find the Lap lace transform of y (t)
5. Let (Q Au,),i=1 2 beprobability spaces and u, (A) [ fdu for Ae A. Provetha
A

Sub | (A)=uy(A)F 51— f |du

SECTION —B (50 M arks)
Answer any TEN quegtions. Each question carries 5 marks.

6. Test thefunction f (x, y) =3x*—7x?y + 2y*for minimum & (0,0)

. : : = C0S2
7. Usingthe contour integration evauate jo Tl)édx
X
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11.

12.

13.

14.

15.

16.

17.
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Show that if a topological space X is Hausdorff, then the diagona A={(x,x):xe X} is X* isa
closed set.
Prove every orthonormal set in L*[0,1] is countable

2

dx? dx

Find the general solution of the differential equation (1-x*)

Using 7 = X+ Yy as one of thetrans formation variables obtain the --@-- from of
0’4  20°4 N 0?
X oxd 9

Let (xt) bethesolution of the boundary vaue problem

ox2 02

u(%,0) = Uy (x)

(aa—ul_o=ul(><)

And u(at)=u(b,t)=0 for t>0.

If u,(x) e=C?[a,b] show tha

E(t)= {Kaaﬂ (a‘bﬂdx is constant

u(b,t)=0 fort >0;
Let a> 0. Provethat Newton's method:

=x,(2-ax,),n=0,12,.... for cdculating é as a zero of f(x):%—a conver ges to i if and

Xn+1
. 2
only if xoe(O, ?J .

Find such that the quadrature formula

I

may be exact for polynomias of degree 3.

dx Af (0)+ Bf (4)+Cf (1)

Show that any maxima ideal in the cumulative ring F[x]| of polynomid over afidd F is the
principleided generated by an irreducible poly nomial.

If AeR™™ and B R™™ have a common eigen vaduede R, show tha the linear
operatorR™" — R™" defined by TX =AX —XB, issingular.

Consider theLPP's
Minimize (—1+ 2A% + (-3+ 1) X,
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Suchthat x, +x,<6
-X,+2% =0

Where 1>0 is aparameter. Using simplex method show tha (x,x,) =(2,4) provides the optimal

solution when 4=0. Determine dl the other values of A for which (2,4) continues to provide the
optima solution.

A particle P slides on a smooth wire bent in theform of averticd circle of radius a Thewirerotates
about afixed vertical diameter AB with uniform angular velocity . If O is the centre of the circle

and a time t, ZAOP =6(t), set up the Lagrangian of the system and show that

2 .
6% + @’ cosh 26 — Eg cosé is aconstant.

Consider forcefreerotationa motion of an axially symmetric rigd body, that has afixed point on the
axis of symmetry. Using Euler’s equation of motion, show tha the angular velocity has constant
magnitude.

Provetha €°%* isacharacteristic function.

Let X; and X, be independent Bernoulli random variables with parameter 6,0<6<1. 1s
T(%:%) =X+%+Max (x,%)?Why?

Let X haveabinomia distribution with

P(X=x)= (10}9*(1 6y ™, x=01,....,10,=<9<1
X

Obtain the maximum likd ihood estimate of 0, if x = 4.

Let (%, X,) be a random sample from a N(u,0%) populaion. Using completeness and
2

fficiengy of (%, 3"x) obtan E| 325 1z 37

sufficiency of (%, )" x*) obtain [ > |, X

Let x be arandom variable with the probability function f, under the null hypathesis H, and f,
under the dternative hy pathesis H;. Thefunctions f, and f, are gven by

f,(0) = .2
f,(1)=.3
£,(2) =3
f,(3)=.2,
f,(0)=3
f, (1) =.45
f,(2)=.15
f(3)=.1

Obtain the class of the most powerful tess of leve .01. What is the power of any member of this
class?
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