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MATHEMATICS l

Duration: Three hours Maximum Marks 150

» Note Thesymbols R, Q, | and C denote the set of dl red, raiond, integer and complex numbers respectively. Vector
guantities are denote by bold letters.

SECTION A (75 M arks)

1. This quegion consigs of Thirty (30) sub-quegions, each carrying two marks. For each sub-question
one or more of the suggested dternatives may be correct. The aphabet corresponding to the correct
dternative(s) MUST bewritten only in the boxes corresponding to the questionsin thefirst sheet of
the answer book.

11 Let W be the sace spaned by f=sinx and g=cosx. Then for any red vadue of
6, f,=sin(x+6) and g, =cos(x+8).
(a) Arevectorsin W
(b) Arelinearly independent
(c) Do not form abasis for W
(d) Form abasis for W
12  Consider the basis S={v,v,,v} for R® where v,=(111),V,=(110), v,=(10,0)and let
T: R — R?bealinear transformation such that
Tv, =(10),Tv,=(2,-1),Tv;=(4,3). Then T(2,-3,5) is
@ (=15
(b) (3.4)
() (0,0)
(d) (9.23)
1.3 For 0<@ <, thematrix {CF)SH _Sinﬂ
sng cosé
(&) Has no redl eigen value
(b) Is orthogona
() Is symmetric
(d) Is skew symmetric

—Z

1.4  For thefunction f(z):l_e

, thepointz = 0:

(a) Anessentid singularity
(b) A poleof order zero

(c) A poleof order one
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(d) Is skew symmetric

o

Thetransformation w = é"{ J where p isaconstant, mops|z|<1 onto

@ [W<1if |p|<1
(b) [W>1if |p[>1
(©) [W=1if |p|=1
(d) [W=3ifp=0

Thevaueof theinteg a 4>sz—il,c:|z|:4 gszzd—il,c:|z|:4 is equd to

(b) O

(d) 27i

Let E betheset of dl rationa p suchthat 2< p?<3. ThenEis
(8 Compact inQ

(b) Closed and bounded in Q

(c) Not compact in Q

(d) Closed and unbounded in Q

Let A bethe s of points inthe interva (0,1) representing the numbers whose expansion as infinite
decimds do not contain thedigit 7. Then the measureof A is

@1
(b) 0

1
C) —
(© >
(d)
The Fourier expansionin theinterva [—4, 4] of the function
f(x)=-,-4<x<0,
=X0<x<4, has
(&) No cosineterm
(b) No sineterm

(c) Both cosineand sineterms
(d) None of these

The particular solution of the equation y'sin x=y iny satisfyingtheinitia condition y(%j:e, IS

(a) etan(x/Z)
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(b) eCOt(X/Z)

X
(©In tan[zj

X
(d) In cot (E)

The differentia equation %z h(a—y)(b-y), when solved with the condition y(0) =0, yieldsthe
result
b(a-y a
@ 227 _gave
a(b-y)
() b(a-Xx) _ ol
a(b—x)
a(b-y a
(C) ( ) — b)kx
b(a-y)
(d) xy=ke

The Surm-Liouville problem: x"+ A?y=0, y'(0)=0,y'(7) =0 hasits eigenvectors given by y =
. 1
@ si n(n + Ej X
(b) sinnx
1
(© cos[n+§jx

(d) cosnx; where n=0,1,2,...

Let G be the additive group of integers | and G’ be the multiplicative group of the fourth roots of
unity. Let f :G— G' be a homomorphism mapping given by f(n) = i"; where i =v=1. Then the
Kerne of f is

(&) empty set
(b) {4mme 1}

(© {(2m)2+1:me I}
(d) {2m+1:me 1]

If A isthe subspace of |~ consisting of dl sequences of zeros and ones and d is the induced metric
on A, thentheraresetsin (A,d) are

(8) Empty set
(b) All singleton subsets of A
(c) Power set of A
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(d) Set A itself
The norm of the linear functional f defined on C[-1,1] by

f(x)= j) x(t)dt—i X(t)dt is

-1
(& Zero
(b) One
(o) Two
(d) Three
Where C[-11] denotes a Banach pace of all red valued functions x(t) on [-1,1] with norm given
by [|X] = max|x(t).

te[-1]]
The smallest vaue of x(|xI <1) correct to two decimd places satisfyingthe equation

3 5

xX x* x X xtt

=0.4431135

Is

(@ 0.58

(b) 0.47

(c) 0.44

(d) 0.88

The Jacobi’ s iteration method for the set of equations

1
+ax, =2,2ax,+X,=7, | a#— | convergesfor
X +ax X X%, ( \/5]
(& All values of a

(b) a=1

1
(© |a|<ﬁ

(d) % < a<\/§

The interpolating polynomial of highest degee which corresponds the functiond vaues
f(-1)=9,f(0)=5f (2)=3 f(5)=15, is

(@ x®+x*+2x+5

(b) x*=3x+5

(©) x*+4x +5x*+5

(d) x+5
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The eguation

x*(y-1)Z,-x(y*-1)Z,, + y(y*-1)Z,,+Z, =0is hyperbolic in the entire xy—plane except dong
(8) x—axis

(b) y—exis

(c) A linepadld toy—axis

(d) A linepardlel to x—axis

The solution of the Cauchy problem

UW(X’ Y)—UXX(X, Y)=0;
u(x0)=0,u,(x0)=xisu(xy)=

(@ =
y
(b) xy

(©) xy+=
y

(O

The characteristics curves of the equation

XU, — YU, =Xy + X X>0,u=(Xy) ae

(& Rectangular hy perbola

(b) Parabola

(o) Circle

(d) Straight line

The number of generalized coordinates for apair of scissors tha can movein aplane is
@1

(b) 2

(©3

(d)4

The topology is T on the redl line R generated by the class 3 of al closed intervals [d,d +1] with
length | is

(8 Indiscrete

(b) Discrete

(c) Sandard topology

(d) Nether discrete nor Housdorff
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Let norms ||x|, :Zn:|§i| and ||x], :(Zn:|§i|2j2 induce topologes 7, and 7,on R" the n-dimensiona

Euclidean space, t;;,n h

(@ 7, iswesker than 7,

(b) 7, isstronger than 7,

(0) 7, isequivalent to z,

(d) 7; and 7, areincomparable

he probability that exactly one of the events E or F occurs is equa to

@ P(E)+P(F)-P(EF)

(b) P(E)+P(F)-2P(EF)

(c) P(EF°)+P(E°F)

(d P(E)+P(F)

If {A,,n>1} isasequenceof events,then |imP(A )= P(Iim A) if

(@ {A] isanincreasingsequence of events
(b) {A] isadecreasing sequence of events
(c) {A ] is neither increasing nor decreasing sequence of events

(d) None of these

Suppose that the five random varigbles X,......, X, are independent and each has standard normal

. ) C(X1+ Xz) )
distribution. A congant C such that the random variable will have a
(XZ+XZ+X2)
t-distribution, has the value
€) ﬁ
2
3
b) .[=
(),[2
3
C —
© 3

2
(d) \/;

Suppose that X......., X aerandom variables such that the variance of each variable is 1 and the
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n(n+1)
2

n(n+2)
4

n(n+3)
4

o n( n2+ 3)

@

(b)

(©

The objective function of the dua problem for the following primal linear programming problem:
Maximize f =2x +X,
Subject to x, — 2x, < 2,
X, +2X%, =8,
X =X <11,
With x, 20 and X, unrestricted in sign, is given by
(& Minimize z= 2y, -8y, +11y,
(b) Minimize z= 2y, +8y, + 11y,
(c) Minimize z= 2y, —8y, —11y,
(d) Minimize z= 2y, +8y,—11y,

If y(t):1+jy(v)e’<‘“)dv then y(t) a t=1equas

0
@0

(b) 1

(02

(d)3

This question consigs of Five sub-quegions, carrying T hree marks each.
All the sub-questions are to be answered.

(5x3)

Expand the function f(z)= 3 !

in powers of (z—3) and find the radius of convergence of the

series so obtained.

Develop the Hamiltonian and hence obtained the canonical equations of motion for a sysem for
2 _M dq

1
hich Lagrangian L == —q, where q=—,
which Lagrang > MA* -~ 0, where ¢=—

g being the generdized co-ordinate of the
system.
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2
23 Bvduae I\/l— 0.162si’ pd¢ by Smpson’s onethird rule by takingthe step sizes as %
0

24  Show that in an inner product gpace, x Ly (x is orthogona to y) if and only if we have
[x—ay||=||x—ery| for dl scalars c.

25 Le X and Y have joint probability density fundion
foy(Xy)=26"),0<x<y,<y.Find P(Y <3X).

SECTIONB (75 Marks)

This section consists of Twerty questions of five marks each. Any Fifteen out of them haveto be answered.
If more number of questions are atenpted, score off the answers nat to be evauated, ese only the first
fifteen un scored answers will be considered strictly. (15x5=75)

3. Solvethe followinglinear programming problem using the Smplex method:
A. Minimize f =-40x —100x,
Subject to

10x, +5x < 2500,
4x +10x,k,2000,
2X + 3%, <900,
X 20,x=0

(5)

) e L7 . - .
4, Evaduatetheintegra Jm_dZ; C:|z-i|= > whereintegration is to be taken counterclockwise.

©)
5. (8) Construct an anaytic function f(z)of which thered part is u(x y) =2xy+coshxsiny, gven
that f(0)=0. ©)

2 2

X +Yy

(b) Determine al harmonic functions of theform u = f ( j that are not congant.
6. Evaduate ”(curl v).ndS

Where v=2yi+3xj— 2’k and S is the upper haf surface of the sphere x> +y*+z°=9, nis a
positive unit normd vector to Sand C isits boundary.
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()

= nx
Examine the series
@ nZ:l: n+ X

0<x<1. 3)

,Xe[0,1] as regards to its uniform convergence on the domain

(b) Prove tha sa of points on which a sequence of messurable functions ( f,)converges is
messurabl e.

Usethe Laplace transform procedure to solve theinitia vaue problem:
ty"(t)+y'(t)+ty(t)=0;y(0) =1 y'(0) =k, (kisaconstant) (5)

Construct the Green’ s function for the boundary vaue problem:

y"(x)+y(x)=-1,y(0) =0, y(gj = 0 and hence solve the equation. (5)

a o0
Provethat theset A of dl 2 x 2 matrices of theform {b 0} where g, be | , theset of integers, isa

left idedl but not aright idea inthering R of al 2 x2 matrices over I.
)

Show that if p is aprime number, then any group G of order 2p has a norma subgroup of order p.

(%)
If (x,) inaBanach space (x|.||) issuchthat ( f (Xx,)) isboundedforal fe X' thedua of X, then

using uniform bounded ness theorem, show that (||x,]) is bounded.

(5)

Let X be the nor med space whose points are sequences of complex numbers x =(¢,) with only

J

finitely many non-zero terms and defined by [|x| = jsup|fj| Let T: X — X isdefined by

y:Tx=(;,3§2,1§3, ..... j

Show that T is linear and bounded but T is unbounded. Does this contradict the open mapping
theorem? (5)

2
Determine the step-size that can be used to evauate the integration j% by using Smpson’s one-
1

third rule so that the truncation error is less than 5x10™ and hence evaluate theintegd.

()

Solve
d’y _dy
=X—-V;y(0)= '(0)=0,
3~ g VY (0)=3y(0)
To gpproximate y(0,1) by usingfourth order Runge-K uttamethod. (5)

Use Lagrange' s method to solve the equation.
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X y z
a p  y|=0; wheez=2z(x,y) (5
0z 0z

x 9y

(& Reducetheequation
Uy (X,Y)—U, (% Y) —éux =0 to apossible canonica form. (3)

(b) Reducethefollowingheat conduction problem with non-homogeneous boundary conditions:
U (xt)—u,(xt)=0;0<x<zt>0,

u(0,t)=0, u(z,t)=10,

u(x0)="f(x)

To aproblem with homogeneous boundary conditions. 2

(& A smooth circular wirerotates with constant angular velocity V about the vertical axis CA which
lies on the plane of the circle and passes through the point C on the diameter of thecircle. A particle

P slides on the wire. Taking PC = R and £ZPCA =6, develop the Lagangan of the sysem and
hence the equations of motion if the generdized force-components are Qg and Q.

©)
(b) A sysem moves in aforce-free space with kinetic energy by T =q,G —Jl— g’ , where g arethe
generdized coordinate of the system, g the generalized velocity componerts. Show tha the
generdized accelerations ¢ vanish.

Let A be asubset of atopological space (X,7) and 7, be the relative topology on A. Then A is 1—
connected if and only if A is 7, — connected. Provethis. ()

Let X, X,,...., X, bearandom sample from a poisson distribution with parameter &> 0. Find the
uniformly minimum vari ance unbiased estimator (UM VUE) of P (X <1) = (1+6)e”.

Let X,,X,,...., X, be arandom samplefrom a distribution that is normally distributed with mean 6,
and variance 6,. Find a best test of the simple hypathesis H,:6, =0, 8, =1 against the dternative
simplehypathesis H,: 6, =16, =4.  (5)

(@) Solvetheintegd equation y(t) =t +%I y(v)sin(t—v)dv. (3)

(b) Use Euler-Lagrange condition to show that the shortest disance between two pointsin aplaneis
astraight line.
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