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MATHEMATICS l

Duration: Threehours Maximum Marks 150
» Read thefollowinginstructions carefully.
1. All answers must be writtenin English
2. Thisquestion pgper contains Two Sections: ‘A" and‘B’.
3. Section A consists of two questions of multiple choice type. Question 1 consists of Twenty Five sub-questions of One

mark each and Question 2 consists of Twenty Fve sub-questions of Two marks esch.

4. Answer Section A only on the specid machine-gradable Objective Response Shegt (ORS). Questions in Section A will
not be graded if answered dsewhere

5. Write your name, registration number and the name of the centre at the speci fied locations on theright hd f of the ORS
for Section A.

6. Using aHB pencil, darken the gppropriae bubble under each digit of your registration number.

7. Questionsin Section A are to be answered by darkening the appropriae bubble (marked A, B, C or D) usingaHB pencil
aganst the question number on the left hand side of the ORS. In case, you wish to change an answer, erase the old
answer completdy using a good soft eraser.

8. The ORSwill be collected after 120 minutes, you may sart answering section B.

9. Therewill be Negative marking in Section A. For each wrong answer to 1 and 2 mark sub-questions, 0.25 and 0.5 marks
will be deduced respectively. More than one answer marked against a question will be deemed as an incorrect response
and will be negatively marked.

10. Answer questions in Section B in the answer book. Section B consist of Twenty questions of Five marks each. Any
Fifteen out of them have to answered. If more number of questions are atempted, score off the answers not to be
evaluated, dseonly thefirst fi fteen un scored answers will be considered.

11. Answer for each question in Section B should be started on a fresh page. Question numbers must be written legibly and
correctly in the answer book.

12. Indl 5 maks questions (Sections B), dearly show the important steps in your answers. These intermediate st eps will
cary patid credit.

» Note The Symbols Z, R, and C denote the set of dl integers, red numbers and complex numbers respectivey. Vector
guantities are denoted by bold | etters.

SECTION A (75 M arks)

1 —MA. This question consist of twenty five sub-questions (1.1 — 1.25) of one mark each. For each of
these sub-questions, four possible answers (A ,B,C and D) are gven, out of which only oneis correct.
Answer each sub-question by darkening the appropriate bubble on the objective reponse sheet
(ORS) using an HB pencil. Do not use the ORS for any rough work. Use the Answer book, if you
need to do any rough work.

1.1  Thedimension of the vector space of al 3x3 real symmetric matricesis
@3
(b) 9
(©6
(d) 4
1.2  Let A beanon-zero upper triangular matrix al of whose eigen values are 0. Then [+A is
(& Invertible
(b) Snaular
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(c) Idempotent

(d) Nilpotent

The eigen values of a skew-symmetric matrix are
(a) Negative

(b) Red

(c) Of aabsolutevaue 1

(d) Purely imaginary or zero

Thefunction f (z)=z* mapsthefirst quadrant onto
(a Itsdf

(b) Upper hdf plane

(c) Third quadrant

(d) Right hdf plane

Theradius of convergence of the power series of the function f(z):lL about Z:% is

@1

®

3
(© 2
(d)o

Let T beany circleenclosingthe origin and oriented counter-clockwise.

Then the vdue of theintegral _[CO?SZ dz is
r

(8) 2ri

(b) 0

(©) — 2ni

(d) Undefined

Suppose S,S, and S; are measurable subsets of [0,1], each of measure %, such that the measure of
S uS uSisl Then, themeasureof S NS, NS, liesin
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Let f:[0,1] — Rbe abounded Riemann integrable function and let g: R— R be continuous. Then
o fis

(8) Riemann integrable

(b) Continuous

(c) Lebesgue integrable, but not Riemann integr able

(d) Not necessarily measurable

Let V be the volume of a regon bounded by a smooth closed surface S. Let r denote the position
vector and ndenotethe outward unit norma to S. Then theintega ” rnds equas

@V
Vv
® 3

(o 3v

(O

Let G beacycdlic goup of order 6. Then the number of lements ge Gsuchthat G=<g> is
@5

(b) 3

(c) 4
(d) 2

The number of eements of order 5 in the symmetric group S;is
@5

(b) 20

(c) 24

(d) 12

The order of the dement (2,2) in Z,x Z,is

(@2

(b) 6

(c)4

(d) 12

Which of thefollowing B anach spacesis not separable?
(@ L'[07

(b) L"[0.1]

© [0
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(d) C[o.1]

For asubset A of ametric pace, which of the followingimplies the other three?
(8 A isclosed

(b) A is bounded

(c) Closureof B is compact for every B A

(d) A is compact

Let n beanonnegative integer. The e gen vaues of the Surm-Lioubil le problem?

d’y
W+ﬂy:0,

0)=

With boundary conditions y(0) = y(27r),d—x =

(27) ae

(@n
(b) *72
(©n°
(0) n*

The Bessel's fundion {J, (,x)}  Wwith ¢, denoting the kth zero of J,(x) form an orthogona
system on [ 0,1] with respect to weight function

@1
(b) X2
(©) x
(d) vx

Linear combinations of solutions of an ordinary differentid eguation are adso solutions if the
differentia equationis

(a) Linear non homogeneous
(b) Linear homogeneous

(c) Nonlinear homogeneous

(d) Nonlinear non homogeneous

Which of thefollowing, concerningthe solution of the Neumann problem for L gplace’ s equation, on
asmooth bounded domain, is true?

(a) Solution is unique

(b) Solution is unique up to an additive constant

(c) Solution is unique up to amultiplicative constant
(d) No conclusion can be drawn about uniqueness

Which of thefollowing satisfies the heat equation (without source terms and with diffusion constant
1) in one space dimension?
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s
@ Sm(4_tj

(b) € sinx
(€) x* -t

e—x2/4t

(d) N

Which of thefollowing is eliptic?

(a) Laplace equation

(b) Wave equation

(c) Heat equation

(d) u,+2u,-4u, =0

Consider the motion of athreeparticle system in the 3-dimensiona space. Supposethat dl pairs of

paticles areat invariant distance gpart, so that the sysem constitutes arigd body . For such a system,
the number of degrees of freedomis

(@6
(b) 3
©1
(d9
If f(x) hasanisolated zero of multiplicity 3a x=¢ , and theiteration

X .= —Sf(x") n=0,1,2
1 =X fl(x)’ =0,12,....

Convergesto ¢, then therate of convergenceis
(a) Linear

(b) Faster than linear but slower than quadratic
(c) Quadratic

(d) Cubic

The best possible error estimate in the Gauss-Hermite formula with 3 points, for caculating the
integral J: x‘e X dx is

@0

(b) 0.30

(c) 0.65

(d) 1.20

Let P(X=n)= , Where A is an gppropriate congant. Then E(X) is

n*(n+1)

@ 24+1
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(b) A
() o
(d) 24

Let x be anon-optimd feasible solution of a linear programming maximization problem and y a
dud feasible solution., Then

(8 Theprima objectivevdue a xis greater than the dua objectivevaue at y
(b) The primal objective value a x could equa the dual objectivevaueat y
(c) The primd objectivevadue a xis less than the dual objectivevalueat y
(d) The dua could be unbounded

—MA. This quegtion consists of Twenty Five sub-questions (2.1 — 2.25) of Two marks each. For each
of these sub-question, four possible answers (A,B,C and D) are given, out of which only one is
correct. Answer each sub-question by darkening the appropriate bubble on the Objective Response
Sheet (ORS) usingasoft HB pencil. Do not usethe ORSfor any rough work. Use the Answer book,
if you need to do any rough work.

Let A bea3x3 matrix with eéigen values 1, —1, 0. Then thedeterminant of | + A is
(@) 6

(b) 4

(©9

(d) 100

Let A be a 2x2 orthogona matrix of trace and determinant 1. Then the ange between Au and
u(u:[l O]t) is

(a) 15°

(b) 30°

(c) 45°

(d) 60°

az+b and f(2)= az+f3
cz+d

aso abilinear transformation
@ f(z)w(2)

() f(w(z))

(© f(z)+w(z)

(d) f(z)+ﬁ

For thefunction f (z):sin%, z=0isa

Let w(z)= be bilinear (M obius) transformations. Then the following is

(&) Removable Snaul arity
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(b) Smplepole
(c) Branch point
(d) Essentid singularity

oo

converges
n=1

Pick out the largest of the sets gven below on which the sequence of functions {e‘”‘mzx}
uniformly

74 11z
@ [0’2—0) U(E,”]

(b) [0, %’)u(%,nl

/4 T T
(© [0,5—5)u(5+5,7z],0<5<ﬁo

(d) [0, 7]
Let f:R*>— Rbeasmooth function with positive definite Hessian a every point.
Let (a,b)e R? beacritica point of f. Then

(& f hasadgdobal minimum at (a b)
(b) f hasalocal, but not agobal minimum &t (a, b)
(o f hasalocd, but not agoba maximum &t (a, b)
(d) f hasagloba maximum at (a, b)

Let G bea goup of order 30. Let A and B be normal subgroups of orders 2 and 5 respectively. Then
the order of the group G/AB is

(8 10

(b) 3

(02

(d) 5

Leg m and n be coprime naturd numbers. Then the kerne of the ring homomorphism
¢:2—2,xZ,, defined by ¢(x)=(X,X) is

(8 mz

(b) mnZ

(cnz

(d) Z

Consider the Banach space C[0,7] with the supremum norm. The norm of the linear functiona
I:C[0,7]— R gvenby I (f)=["f(x)sin*xdx is

@1
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V4
®) =

© =

(d) 27

Thetagpology onthered line R generated by left-open right-closed intervas (g, b is
(a) Strictly coarser than the usud topology

(b) Strictly finer than the usua topology

(c) Not comparable with the usua topology

(d) Same as the usud topology

Let X, Y betopologcal spacesand f : X — Y beacontinuous and bijective map.
Then f isahomeomorphism, if

(& X and Y are compact

(b) X is Hausdorff and Y is compact

(c) X iscompact and Y is Hausdorff

(d) X and Y are Hausdorff

If theintegrating factor of

(Xy? +3y)dx+(3x®y— x)dy =0 is x"y", then

@ m=-7,n=1

(b) m=L,n=-7

(6 m=n=0

(d m=n=1

Theinitid vaue problem

(xz—x)g—i:(ZX—l) Y Y (%)= Yo

Has aunique solution if (x,,Y,) equas
@ (2.1)

(b) (1,3)

() (0.0)

(d)

If u harmonic on {(x, y)|x* +y* <1}, then IOZ”S—Ede equals (where % is the normal derivative of

u on the boundary of the unit disc)

(@ 2z
(b) 1
©x
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Let u beasolution of theinitia value problem
oAz o
Then u(0,1) equals
@1
(b) 0
(©2

@

0; u(x,O):xz,%J(x,O):O.

Euler’ s equation of motion of arigd body about afixed point O in the absence of external forces are

dw
Ad—tl—( B-C)ww, =0,
B%—(C—A)wgwl:o,

dw
C m - (A-B)ww, =0,

Where w,,w,,w, are components of the angular velocity of the rigd body in the direction of

principd axes of inertiaa O; A, B, C are principa moments of inertiaat O. Let T denotethekinetic
energy duringthe motion and h the magnitude of the angular momentum of the body O. Then, during
the motion

(& T and h both vary

(b) T varies but h remains constant
(©) T remains constant but h varies
(d) T and h both remain constant

Thefourth divided difference of the polynomia 3x®+11x* +5x+11 over thepoints x=0,1,4,6 and
7is

(a) 18

(b) 11

©3

(d)0

The polynomia of least degree interpolatingthedata (0,4),(15),(2,8),(313) is
(a4

(b)3

(©2

(d1

For the matrix
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0O 1 -1
1 0 O
-1 0 O
1 2 0 O

O N

The bound for the eigen vaues predicted by Gershgorin’s theoremis
(@3

(b)1

(€2

(d) 4

An externd of the functional

[ y(x)]= j [x Y, —de y(a)=y,, y(b) = y,satisfies Euler's equation, which in general

(a) Isasecond order linear ordinary differentia equation (ODE)
(b) Isanonlinear ODE of order greater than two

(c) Admits aunique solution setisfyingthe conditions y(a)=y,,y(b)=y,
(d) May nat admit asolution satisfying the conditions y(a)=y,,y(b)=y,

A lot of 1000 screws contains 1% with maor defects and 5% with minor defects. If 50 screws are
picked a random and inspected, then the ordered pair (expected number of major defectives,
expected number of minor def ectives) is

@ (1,9
(b) (2.5, 0.5)
(©) (0.5, 2.5)
(d) (5,1)

The sample correlation of the transformed random variables aX +b and cY +dissameas that of X
and Y provided

(@) ac<0;b,de (0,0)
(b) ac<0;b,de (—,0)
() ac<0;b,de R

(d) ac<0;b,de R

Therearetwo identica locks, with two identica keys, and the key s are amongthe six different ones
which a person carries in h is pocket. In a hurry he drops one key somewhere. Then the probability
that the locks can still be opened by drawingonekey at random is equd to

1
@ 3

5

®) 2
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1
@ 5
Thesygem Ax<0, where A isan nxn matrix,
(& M & not have anonzero solution
(b) Alway s has anonzero solution
(c) Always has a least 2 linearly independent solutions
(d) Always has & least n linearly independent solutions

Consider thefollowinglinear program P:machjxj subject to
=1

Y a,x <h,1<i<mand x, 20,1<j <n.
j=1

Suppase that we are keepingthe ¢;s and a;sfixed and varyingthe bs. Supposethat P is unbounded
for some set of theparameter vaues b. . Then, for every choiceof b's,

(&) P isunbounded or infeasible

(b) P is unbounded

(c) The dud problem to P has afinite optimum

(d) The dua problem to P is unbounded

SECTION B (75 M arks)

This Section consists of Twenty questions of Five marks each. Any Fifteen out of them have to be answered
on the Answer book provided.

(15%5 = 75)

Let J be the nxn matrix each of whose entries equas 1. Find the nullity and the characteristic
polynomia of J,.
Evduatetheintegd
d—Xz’ a> 0,
(P +a’)
By the method of residue cal culus.

Let a b bereal numbers with 0 < a< b. Define sequences {a,} and {b,} recursively by

a,./aR, b, =270 where 8 =a, b =b
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Show that {a,} is an increasing sequence, {b,} is a decreasing sequence, and both converge to the
same limit.

Let f(t) beareal-vaued continuous function on [0,1] such that

O ey

f(t)t"dt=0, fordl n=0,12,..

Provethat f(t) vanishesidentically.

Let p beaprimeand g beaprime divisor of 2° —1. Find theorder of 2 (the residue class of 2) in the
multiplicative group G of non zero residue classes of integers modulo g. Concludethat q> p.

Let X be aninfinite dimensional Banach space. Provethat X can na have countable dimension as a
vector space.

Show that X is Hausdorff topological spaceif and only if the diagonal A defined by
A={(x,y)e XxX|x=y]

Is aclosed subset of Xx X (withproduct topology).

Find the generd solution of the differential equation

4
dx*

Find the generd solution of the differential equation

—y=Xsinx.

+(x—1)%—4y: 0

2 d%y
dx?

(x-1)

In powers of (x—1) using the Frobenius method.

Solvetheinitia value problem

d’u Jdu

atz—axz=0, t >0,Xe (—oo,00)

u(x,0)=x %(XO)—L
R T TV

Consider theinitial value problem

ou du

—+u—=0, 0,xe R,

%y uax y>0,xe

u(x0)="f(x)

Show that the solution is constant aong the characteristics. Hence deduce that if f is decreasing
monotonically, the solution cannot exist as asinge vaued function for dl y > 0.

Consider a pendulum consisting of a bob of mass m a the end of a rod of length a. If the bob is

pulled to one side through an ange o to the dowrnward verticd and released, show tha the time
required for one complete oscill ation is given by
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Where k=sin (%j and g is the acceleration dueto gravity.

Assume that the mass of therod and the air resistance are negigble.
Determinethe LU decomposition of the matrix

5 -2 3
A=120 -5 -13
3B 5 -17

With L havingall its diagonal entries 1; and hence solvethesystem AX =[0 2 13].

Using the Runge-K utta method of order 4 and taking the step size h = 0.1, ddermine y(0.1), where
y(X) is the solution of

dy
4 2xy? =0, y(0)=1
w2 y(0)

Solvetheintegral equation
o(x) =x+[(x=£)g(&)d¢.

Let X, X,,...., X, be independent and identical Poisson random varisbles with parameter

100
A=003. Let S=>"X;. Usethe Centra Limit Theorem to evauate P({S>3}) and compare the

i=1

result withthe exact probability of theevent {S>3] .

Let X,,X,,......, X, bearandom sample from exponentia density f,(x)=6e?, x>0,6> 6. Find

the maximum likelihood estimate (M LE) of 6. Also, find theMLE of P, (X, >1). Further show that
both the estimators are consistent.

(@ Let X ~B(n,p,) and Y ~B(n,, p,) wherep; and p, are unknowns. Further, let X and Y be

statigticaly independent. Construct an approximate 100(1-«)% confidence interva for (p,—p, ).
©)

(b) An antibiotic for pneumonia was injected into 100 patients with kidney mafunctions (uremic
patients) and into 100 patientswith no kidney mafunctions (norma patients). Somedlergcreaction
developed in 38 of the uremic paients and in 21 of the norma patients. Use theresult in pat (a) to
construct a 95% confidence interva for the difference between thetwo population proportions (Use

the gppropriatetablevaue Z,,,. =1.960, Z,,, =1.645). (2

Consider the Linear program

4

max ) cXx,

i=1

ubject to
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4
2.aX <a,
i=1
0< X, %, %, % <1
Where a >0, x >0 fori =1,2,3,4 and a, >0
(i) Writethe dua of this Linear programming Problem. 3
(i) Assuming
6385858
4 & & 4,
Show that the feasible solution
X =% =1x =2"2"% x -0
8
Is an optima solution 2
Consider the optima assignment problem, in which n persons P, R,.......... ,P, ae to be assigned n

jobs J,,J,,......, J, and where the effectiveness rating of the person R for the job J; is a; >0. The
objective is to find an assighment of persons to jobs, that is, a permutaion
0:{12,.....n} >{L2.....,n} which assigns person P, to job J_;,, so as to maximize the totd

effectiveness Zam(i) . Show that in any gptima assignment, at least one person is assigned a job at
i=1

which heis best.
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