Problems and Solutions: INMO-2012

1. Let ABCD be a quadrilateral inscribed in a circle. Suppose AB =

V2412 and AB subtends 135° at the centre of the circle. Find the
maximum possible area of ABCD.

Solution: Let O be the centre of the circle in which..AB__'G‘.D is ingf!ibed
and let R be its radius. Using cosine rule in t%angle AOBwe have

- ¥
2 +v2 = 2R?*(1 — cos 1359 ="R* 2 + V2). {

Hence R =1.

Consider quadrilateral ABCD as infthe se¢ond figure above. Join AC.
For [ADC] to be maximum, it is clear thatyDgshould be the mid-point
of the arc AC so that its distance from the §egment AC is maximum.
Hence AD = DC for [ABCD] to be maximu iMiilarly, we conclude
that BC = CD. Thus BC :w = DA which fixes the quadrilateral
ABCD. Therefore each o hisides BC, CD,/DA subtends equal angles
at the centre O. ‘ |

Let ZBOC = «a, ZCODs="6 and £ZDOA = ~. Observe that
{ 1 1
[ABCD] = [AOBHE.B‘__OC]HCOD]HDOA] =3 sin 135°+§(Sin a+sin f+sin ).
%

Now [ABC '] has m!)Sdmum area if and only if « = § = v = (360° —
135°)/3 =73°. Thus

”' ' 1 3 1( 1 V341 5+3v3
ABC >s 135° + 2 in75° = = | — +3 _ .
( [ sin 5 Sin 2(\/5 2\/§> Wi

i ]
‘» ﬁlternative , we can use Jensen’s inequality. Observe that «, g, v are

all less than 180°. Since sinx is concave on (0,7), Jensen’s inequality
\giives
sin v + sin 8 + sin ~y < sin (Lﬂﬂ) i T5C
- r 3
Hence

ABCD] < — 4 Bgnse = 2E3VE
22 2 44/2

with equality if and only if o« = § =y = 75°.
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2.

(

Using indu‘\'}(\' we get

Let py <p2 < p3s <psand ¢; < g2 < g3 < q4 be two sets of prime numbers
such that p, — p; = 8 and ¢4 — ¢ = 8. Suppose p; > 5 and ¢; > 5. Prove
that 30 divides p; — ¢.

Solution: Since p, — p; = 8, and no prime is even, we observe that
{p1,p2,p3,p4} is a subset of {p1,p1 +2,p1 +4,p1 + 6, p1 + 8}. Moreover p, is
larger than 3. If p; =1 (mod 3), then p, + 2 and p, + 8 are divisible by 3.
Hence we do not get 4 primes in the set {py,p; + 2,p1 +4,p1 + 6,p1 + 8}.
Thus p; = 2 (mod 3) and p; + 4 is not a prime. We get p, = p; + 2, ps3 !F‘~
p1+6,ps =p1 +8.

Consider the remainders of py,p; + 2, p; + 6, p1 + 8 when divided by5 If
p1 =2 (mod 5), then p, + 8 is divisible by 5 and hence is not.a ‘prime. I
p1 =3 (mod 5), then p; + 2 is divisible by 5. If p; =4 (mod 5), fhen p1 16 r
is divisible by 5. Hence the only possibility is p; = 1 (mod 5y

Thus we see that p; = 1 (mod 2), p; = 2 (mod 3) and_pl'!_:i'l mod’? We
conclude that p; = 11 (mod 30). ( 1

Similarly ¢; = 11 (mod 30). It follows that O'I'd«qdes Pl = q]!
Define a sequence (fo(z), fi(z), f2(2), .

folr) =1, filz) =z, (fal2))’

ofifunctions by

= fk1(x)fn_1(x), for n > 1.

with ger coefficients.

Solution: Observe that 4 ‘\ ("’ '
fa(@) = famr a:)iw{ =1=fi(@) — faa(@)fa(2).

This gives ‘,j

-

Fu@) (M) + aal@) = fus (fia @) + S ().
We write this as( ‘.--

fur (@) + fua(0) _ faa(@) + ful2)

v L@ )

fas(@) + fur(@) _ fola) + o)

' v Jul2) G
f 3
Observe th}t @) -1
f2(x):W:x -1
H
e?ce Far(2) 4 fopa (2) 1+ (22 — 1) .,

Thus we obtain

fn—i—l(x) = [Efn(fE) - fn—l(x)'
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Since fy(z), fi(z) and f;(x) are polynomials with integer coefficients,
induction again shows that f,(z) is a polynomial with integer coeffi-
cients.

Note: We can get f,(z) explicitly:

Jo(z) = 2" — <n;1)xn_2+ <n;2)xn_4— <n;3)x”_6+-~-

4. Let ABC be a triangle. An interior point P of ABC is said to be good 'ifc\
we can find exactly 27 rays emanating from P intersecting the side"f)f "’
the triangle ABC such that the triangle is divided by these rays inte 27 |
smaller triangles of equal area. Determine the number of goadrpoint_ ./
for a given triangle ABC. {

L il |
Solution: Let P be a good point. Let [, m,n be respetively the gumber
of parts the sides BC, C'A, AB are divided by therays starting®from
P. Note that a ray must pass through each ({the Ve(rticeﬁ_ the triangle
ABC; otherwise we get some quadrilate Is. B

Let h, be the distance of P from BC. n h, is the height for all the
triangles with their bases on BC. Equality of areas implies that all
these bases have equal length. If we deng@te this by z, we get iz = a.
Similarly, taking y and z as the lengths of ases of triangles on C'A
and AB respectively, we get my = b and nz§= c. yt he and hs be the
distances of P from C'A and fiB respectivelThe

W

ﬁ[E hzy = th = 3

ﬁ?
where A denotes the gx!:& of the triangle ABC. These lead to
AR 228 p)_28m , _24n
"“f Van27a 21 T 2T
But 4 W 2A 2A
g — hm - hba - = h’c

| q, '
“v _Thuswe gét
(’ J‘\\\ E [ hy m hs n

» However, we¢ also have

o o [PBC] hy [PCA] hy [PAB]
he A 7 hy A 7 h, A
ding these three relations,
-
r Mo he b
he Ty T
Thus

wtw T T T T
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We conclude that | + m + n = 27. Thus every good point P determines
a partition (I,m,n) of 27 such that there are [, m, n equal segments
respectively on BC, C'A, AB.

Conversely, take any partition (I,m,n) of 27. Divide BC, CA, AB re-
spectively in to [, m, n equal parts. Define

2[A 2mA
M=o = ‘
Draw a line parallel to BC' at a distance h; from BC; draw another‘j]j«lek
parallel to C'A at a distance h, from C'A. Both lines are drawn Sl ch")
that they intersect at a point P inside the triangle ABC. Themn, » / .

IA mA ¢ 4 ;

1
[PBO]:§CI,h1:2—7, [PCA]:2—7 "‘1—' "I

Hence A -'“( 1 .Y F

nA% :

[PAB] = - on ‘:( v

This shows that the distance of P fromd"ARB is

A

hs = o

Therefore each traingle with base on C'A has"area —#. We conclude that

all the triangles which partit ABC havefquai areas. Hence P is a
good point.

Thus the number of g A goints is equal to the number of positive

integral solutions of the€quation [ + m + n = 27. This is equal to
{ 2
<4 ( 26) — 325,

L
5. Let ABC b(i an acu‘te‘-angled triangle, and let D, E, F be points on BC,
CA, ABwreégpectively such that AD is the median, BF is the internal
" _angle¢ bisector and C'F is the altitude. Suppose LFDE = ZC, ZDEF =
ZAand ZE Dlr)\\: /ZB. Prove that ABC' is equilateral.
Solution: Since ABFC is
' right-angled at F, we have
FD = BD = CD = a/2. Hence
/BFD = /B. Since /EFD =
/B, we have JAFE =7 —2/B.
Since /DEF = ZA, we also get
ZCED = rm—-2/B. Applying sine
rule in ADEF, we have

DF FE DE
sinA  sinC sinB’
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Thus we get F'/E = ¢/2 and DE = b/2. Sine rule in ACED gives

DE (D
sinC sin(r — 2B)’

Thus (b/sinC') = (a/2sin B cos B). Solving for cos B, we have

cos B — asinc _ ac
~ 2bsinB 20%
'
Similarly, sine rule in AAEF gives " r
1
EF  AE 4 / J
sin A sin(r — 2B)’ r -_,:
This gives (since AE = bc/(a + ¢)), as earlier, - )
a il 1' J * .
B = . g
cosBi= cn T
~ N ¢
Comparing the two values of cos B, we 20> #\c(a + c) .'gV*Ie also have
9 9 49 2afc
c®+a” —b" = 2cgcos B .
a C

Thus

4a’c = (a+ c)(2¢* + 2a* — 20*) = (a + c)rﬁﬁ —c(a+c)).
4
)*(

This reduces to 2a® — 3a2ci A= 0. Thus (a —¢)?(2a+¢) = 0. We conclude
that a = c. Finally ‘ i
= A 2n? = cla+c) = 2¢.

We thus get b = 4 fnd hence a = ¢ = b. This shows that AABC is
equilateral. <« _

6. Let f:Z — Z be f:{gtion satisfying f(0) # 0, f(1) =0 and
) i ) O Flo) + o)
Tl @) (f(z =yl f(0)) f(2) f(y) =0,
( for all z,y € Z, simultaneously.
L (&) Find the set of all possible values of the function f.

(b) If f(10)}# 0 and f(2) = 0, find the set of all integers n such that
fn) #P.

lution: Setting y = 0 in the condition (ii), we get

(f(2) = £(0)) f(x) =0,

for all z (since f(0) # 0). Thus either f(z) = 0or f(z) = f(0), for all z € Z.
Now taking x = y = 0 in (i), we see that f(0) + f(0)?> = 2f(0). This shows

www.examrace.com



that f(0) = 0 or f(0) = 1. Since f(0) # 0, we must have f(0) = 1. We
conclude that

either f(z) =0 or f(z) = 1 for each z € Z.

This shows that the set of all possible value of f(z) is {0,1}. This
completes (a).

Let S = {n € Z|f(n) # 0}. Hence we must have S = {n € Z|f(n) = 1} by

(a). Since f(1) =0, 1 isnotin S. And f(0) = 1 implies that 0 € S. Take

any z € Z and y € S. Using (ii), we get (
1

flxy) + fz) = f(x) + 1.

This shows that zy € S. If + € Z and y € Z are such that xyﬁ 'S, then” r’
(ii) gives T |
L+ f(@)f(y) = fz) + f(y) 14 vy

Thus (f(z) —1)(f(y) — 1) = 0. It follows t,patf fl)r*f. [ ie.,
ii) tha' Sand y € S

either x € S or y € S. We also observe from

implies that f(x —y) = 1 so that z — Thus| S has the properties:
(A) x € Z and y € S implies zy € S;

(B) z,y € Z and xy € S implies z € Jor y €

(C) xz,y € S implies z —y € S.

Now we know that f(10) # 0 {10 =1and 10 € S;
and 2 ¢ S. Writing 10 = 2 x 5 usmg (B e conclude that 5 € S and
f(5) =1. Hence f(5k) = 14Qr &ll k € Z by (A).

Suppose f(5k +1) =1 I‘) some [, 1 <[ < 4. Then bk + 1 € S. Choose

u € Z such that lu = I"'(mod 5). We have (5k + [)u € S by (A). Moreover,
lu =1+ 5m for somqkm € Z and

P
5k:+(l %ku+zu_5/m+5m+1—5(k;u+m)+1

This sho J;Ehat 5 ku+m +1 € S. However, we know that 5(ku+m) € S.
. By (Q), which is a contradlctlon We conclude that 5k + 1 ¢ S for

"anyl,lgl Thus
( S = {bk|k € Z}.

i -00000
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