Preface

It was a longstanding demand from the students to have a comprehensive reference for
al the relevant formulae with regards to Higher Mathematics. We are glad to come out
with just that. In this booklet, we have compiled an exhaustive list of formulae from 12
different branches of mathematics and pepped it up with solved examples. This will go
along way to help you in Management Entrance examinations like XAT, IIFT, FMS and
JMET etc.

In each chapter, you should brush up the given formulae first and then try to go through
the solved example. At the end there is an exercise for your practice that covers all the
chapters touched in this booklet.

Please remember, this is not a conventional book on mathematics. So proof of the
mentioned formulae is beyond the scope of this book and not relevant for your purpose.
This book should be used as a quick, one-stop reference for higher mathematics.

So, what are you waiting for? Start working for few extramarksin Management Entrance
examinations like XAT, IIFT, FMS, JMET etc., which asks questions from higher
mathematics in quantitative ability section.

Wishing you all the best.
— Career Launcher
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A matrix of order m x n is defined as the arrangement of mn elementsin m
rows and n columns.

General representation of matrix A of order m x n isgiven by

O a -——— a0
D:n a12 T 1nD

A= DZl ?2 c znm_(aj)mxn11<|<ma1d1<j<n
%ml An2 ——~ amnﬁ

Equality

Two matrices A and B are said to be equal, written as A = B, iff

1. they are of the same order, i.e. have the same number of rows and
columns, and

2. the corresponding elements of the two matrices are equal.
If A =(8j)mxn and B =(bjj)oxp, then
A=Biffm=o,n=panda;=b; Ui, ]

. a0 o 2 o1 2 _
eg.if A= % 4H’ B _H3 :E, C_H3 H ,then A # B,butA=C

Algebra of Matrices

Addition: If A and B are two matrices of same type then their sum is defined to
be the matrix obtained by adding the corresponding elements of A and B. It is
denoted by A + B.

If A= (aii )mxn and B = (bii )mxn UENA D= (Cij )an where Cij = & +bij ’

[2 3D m 53
eg 0
5D D3 E g

1. Matrix addition is commutative. i.e., If A and B are two matrices of same
typethenA +B=B + A.

2.  Matrix addition is associative. i.e., If A, B and C are three matrices of
sametypethen (A +B)+C=A + (B +C).

Chapter 1 | Matrices | 1
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Subtraction: Same condition as in addition. Resultant matrix is formed by
subtracting corresponding elements.

A = &j)mxn: B =(0)mxn: A =B =(&j —0jj)mxn

@ 30 01 21 O 10
*Oh sd H8 HTH 1

Multiplication: Matrices A = (&jj)1xm: B =(bjj)oxn can be multiplied iff
m =0, i.e. numbers of columnsin A isequal to the number of rowsin B.
Resultant in matrix (say C) isof order (I x n) and isgiven by AB = C = (Cjj)ixn

m
where Cl] = Z aikbkj
k=1

eq 2 30,01 27 02x1+3x3 252 +3@ 011 16
Ch 547 Hs H Haxt +5x3  4ax2 +5:4 10 2

Transpose of a Matrix: The matrix obtained by changing the rows of a given

matrix A into columnsis called transpose of A. Itisdenoted by AT or A . If

A= (aij )mxn then AT = (a'ij) where i = ;.

0 3 50 T
eg.if A= then A :%’. 7%
2 7 of % o

1. If Aisany matrix, then (AT = A

Conjugate of a Matrix: The conjugate of a given matrix A is obtained by
replacing the elements of A by their corresponding complex conjugates. The

conjugate of A isdenoted by A . Thus, if A = (aij )mxn » then A = (a_ij)mxn ,

1+ — [ 1-
eg. IFA=2 'E,th -
% 3 1+E

Tranjugate or Transpose Conjugate of a Matrix: The transpose conjugate of
a given matrix is obtained by interchanging the rows and columns of the
conjugate matrix of A.

The transpose conjugate of A is denoted by A*, or by A®. Thus, A= (K)

2 1+i o 02 3D
[
eg.lf A= D,thenA*-% [ 2[]
5 2 i
o -



1. If A and B aretwo matrices of sametype, then (A + B)T = AT + BT.

Adjoint of aMatrix: Let A = (&;), x n be asquare matrix and C;; the cofactor of
gj. Then the transpose of the matrix B obtained by replacing each element of A
by its cofactor in |A| is known as the adjoint of A and is denoted by Adj A.

Cyy @ 30 C1 Cu CxuO

_ O . O

If, A= %21 ayy a23[|then Ad] A= 8_\,12 C22 C32D
Fg1 azp  agH i3 Co Cisf

Inverseof amatrix: If A bean-rowed square matrix, then a square matrix B is
saidto beaninverse of A if AB =BA =1,. Every matrix hasaunique inverse
(if exists).

O d -b O

0
it A= P g |a|#0, then AL = [P~ be ad —beg
t 0-c _aq

Fbd - be ad - beH

Different Types of Matrices

1. A matrix A issaid to be asquarematrix if the number of rowsin A is
equal to the number of columnsin A. An n x n square matrix is called a
square matrix of type n.

2. A matrix A issaid to be arectangular matrix if the number of rowsin A
is not equal to the number of columnsin A. i.e., A iscalled arectangular
matrix if A isnot asquare matrix.

3 A matrix A issaid to be azero matrix if every element of A isequal to

zero. An'm x n zero matrix is denoted by Op,«, or O.

4. A matrix A issaid to be arow matrix if A contains only one row.

5. A matrix, al of whose elements are zero except g; (i = 1, 2, .... ) (which
may or may not be zero) in the leading diagonal is called a diagonal
matrix.

6. A scalar matrix in which al its diagonal elements are 1 is called unit
matrix. (Also caled I dentity matrix), we denote n-rowed unit matrix by

I

7. A matrix A issaid to be acolumn matrix if A contains only one column.

8. A diagonal matrix A is said to be a scalar matrix if al elementsin the
principal diagonal are equa.

Chapter 1 | Matrices | 3
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9. A squarematrix A issaid to be asymmetric matrix if AT = A.

01 -5 70 01 -5 7o
egA=s 3 HthenAT=35 3 23=A.
5 2 o H7 2 o

Hence, matrix A issymmetric.
10. A squJare matrix A is said to be a skew-symmetric,
ifA'=-A 0O 5\1 =—a]||]|,j
11. A square matrix A issaid to be orthogonal matrix, if AAT=1=AAT,
1 2 20

10 0
eg. the matrix 5 2 ~1 2qisan orthogona matrix, because

B2 2 -

 B1 2 20 o122
;1o . o.0.10,
AAT=Z 2 -1 2px 22 A 2

30
B2 2 -/ “B2 2 -H
P00 OoQ
0 _0 o _
S W9 05=00 1 6 =I.Smilaly,ATA=I.
B 09 H 0 H

12. A sguarematrix A iscalled singular if |A| =0, if |A|#0, thenitis
cdled non-singular.

13. A squarematrix A issaid to be askew matrix if AT=—A.



Solved Examples

3 -40
1 IfA= H _15, then for every positive integer n, A" is equal to

d+2n 4n 0O A+2n -4nQOd
a H n 1+2nH b. H n l—ZnH
1-2n 4n O
C. E n 1+2n% d. None of these

o B -4T13 -4 %5 -8

) = M
H 171 -E 02 -5
OAZ_24 £ @ A2 2A— 1
Similarly,
0OA2 2A2 _ A 3A 2
0 AL 3A2 _2A& 4a 3
Hencewecansay A" = nA — (n-1)l i.e

AN (Bn —4nD Dn 1 @ D1+2n -40]

T - Ho 081 1-2f1

01 -3 20
2. A= 5—3 1 5% isa
H2 -5 1H
a. singular matrix b. non singular matrix
C. symmetric matrix d. skew symmetric matrix

Sol. |A|# 0 Hence matrix is non-singular.

Chapter 1 | Matrices | 5
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3 IfA= B -4 and f(x) =2x2—4x + 5, then f(A). isequal to

019 -110 024 -160
aly 5H b.Ha 51H
019 -160d
C. %_32 51% d. None of these

Sol. f(A)=2A2—4A +5,
1 201 2009 & ,0 18 £8

A0 ate HT e 18 D0 a6 4

|

0-4 -8J 5
- = 51, =
Also, —4A H—lG 1ZH and 2l2 % 5‘%

018 -8 0-4 -8 05 0 0 19 -1I6

Of(A¥ 2A% 4A 57 Hie 347 H-16 12 Ho BH =2 54
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Determinants

If A= ﬁ:a ;ﬁisamatrixthenthenumber (ad —bc) is called deter minant of

b
A. Itis denoted by det A or |A| or i d"
Determinant of order 3 is given by
&1 2 a3
azi ap | =ay A»p 8xg _ 81 g I
S az3 831 a3 831 &
1 % A ? ' .

= 311(3p08a3 — a3 3) — A2 (321 33 — Ag1 3) + A3 (1 Az — 331 &)

Properties of Determinants

1. If gjisanelement whichisin the ith row and jth column of a, then the
determinant of the matrix obtained by deleting the ith row and jth column
of A iscalled minor of g;. Itis denoted by M;;.

2. If &jisan element which isin the ith row and jth column of a square
matrix A, then the product of (- 1)! *J and the minor of g; is called
cofactor of g;. It is denoted by A;;.

3.  Thesum of the products of the elements of any row or column of a square
matrix A with their corresponding cofactors is called the determinant of
the matrix A.

4. Thesign of the determinant of a square matrix changesif any two rows
(or columns) in the matrix are interchanged.

5. If two rows (or columns) of asquare matrix are identical, the value of the
determinant of the matrix is zero.
The interchange of any two rows (columns) of a determinant changes only
its sign and has no effect on its absolute value.

6. If dl the elements of arow (or column) of a square matrix are multiplied
by a number k then the value of the determinant of the matrix obtained is
k times the determinant of the given matrix.

7. If each element in arow (or column) of a square matrix is the sum of two

numbers, then its determinant can be expressed as the sum of the
determinants of two square matrices.

Chapter 2 | Determinants | 7
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Example:

qta agtay a;tag| & a3 & B 4 F
by b, by |=|by by bgl + b by by
G Co C3 G C C3 G C GC3

8. If A and B aretwo square matrices of sametype, then det (AB) = det A. det
B.
The product of two determinants each of order 3 is given by:
a b gl |jog By
a by cxjay By V2
a3 by c3f |ag B3 ¥3

a0y By +eryr Ay v B+, Ao thy By e,
=lagay +byfy +Coyy @p thoy +Co)s  By03 +hy B3 Ty )4

a0y +D3fy +Cayy a3y +haf; +C3),  azl3 +hyfs +C3)s
where the rows are multiplied by rows. We can also multiply rows by
columns, columns by rows and column by column.

9. If constant multiple of elements of any row(column) be added to
(subtracted from) the corresponding elements of some other row(column)
of a determinant, then the determinant remains unaltered, i.e. if the

operations R; « Rj +MR; +nRk.j,k #i or
Cj — CI 'i'mCJ +an. ],k Zi
are performed on the determinant, its value remains unaltered.

Solved Examples

XX2 X3

1. ifxzyzzad|y y? y3=0,thenxyzisequd to

z 22 2
al b. -1 C.X+y+z d. None of these
1 x x?
Sol. A=00(xyz2.1 y y5 0
1z 2°
1 x x2

O (xyz2).|[0 ¥ X yg XxF 0

0 z-x Zz2-x?




Sol.

1 x x°

O (xy2)(y x)(z x).10 1 ¥ 0
01 z-x

O (xyz2)(y )2 x3 O xz O

1+a
If a, band c areall different from zeroand A =| 1
1
+= + + 2
thenﬁl CH
" b — 1
a abc e C. (@+b+0)
i, 1 1
a a a
A=(abc)[]l l+1 l
b b b
111,
c c cC

[R1 - Ry+ R+ Rjg]

1 1 1 1 1 1 1 1 1
1+ +—4+= 1+ += 45 1+ +— +
a b c a b c a b c
- (@boyx|  * 14 1
b b
1 1 1
c c c
1 1 1
_(abc)%[+}+l+1ﬂ[j1-' l+1 E =0
b cdlb b b
} } —+1
c c
M= Oandabg O ﬁ&& o
a b c

1 1
1+b 1 |=0,
1 1+c

d. None of these

Chapter 2 | Determinants | 9
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and Logarithmic Series

10 | Higher Mathematics Booklet

Binomial Expansion of (x + a)" , for positiveintegral index n
(x + @" = "Cox"a + "CyxMlal + "Cx2e2 + ... + "Cx™d + ...

+NCn =1y i1 4 "CnXOan
n

= z nC xn-Tal

r=0
where x and aare any rea or complex expressions and "Cg, "C;..., "C,, are
called binomial coefficients.
Thisis called the binomial theorem.
Properties of binomial expansion

1. Thereare(n+ 1) termsin the expansion of (x + @", n being a positive
integer.

2. Inany term of binomia expansion of (x + a)", the sum of the exponents of
x and aisn.

3. The binomia coefficients of terms equidistant from the beginning and the
end areequal,i.e. "C,="C,_, (0<r<n).

4, The general term of the expansion is (r + 1)th term, usually denoted by
T,+qandisgivenby T, .1 ="C, x"~"d or,0< r< 1.

Important Deductions from Binomial Expansion of (x + a)"
n

1 (@+x)0="Cy+PCx+NCoo + .+ ICx + . +1C x= "  NCxd
r=0

2. 1-x)"="Cy—"Cyx +"Cox2— ... + (-1)F "C, X" + ...+ (=1)". "C,, x"
1 n m —n n 2 4 N 4

3 S{A+x)M+ (- ="Co+Cpx2 +Cyx* + .
1 n =N, n 34N, 5

4. 1A= (1-x)7 ="Cpx +Cax® + NCox> + ...

5. Q+x)" =1-nx +

n (nl+1) 2 _n(n +2(n +2) W34
n(n+1) (n+2)...(n +r -1 7 o
3

HADS



6. (1_X)—n =1+nx +n(n +1) X2 +n (n+Y(n+2) x3
2! 3!

‘ot n(n+(n +é)...(n +r -1 .
r!

n(n-1 .2 _n(-Hn-2) 3
2! 3!
rn(N=)(n-2)...(n—r +1) <+
o

7. (1-x)"=1-mx+

+..+(-)

Exponential theorem:
v x> X8
If xOR, the series € :1+f +? +§ +.....is called exponential series.

n

2 X
Thus € = Z o

n=0 """
Important Deductions from the Exponential and L ogarithmic Series

1.1 1
+

=1
1_ e—1+i +E +§ —nzoa

2. eisan irrational number and its approximate value is 2.718281828 .....

3 2<1+r+tili o
1 2 3
2 3 00 n
x o XXX =5 ()X
4 e’ = TR nZO( 1) |
1 2 1 d 1
e= — = =
5 nZo n! nz:l (n-1)! nZk (n—K)!
ST S D O SN
6 20 3 4 5 7 _ZO n!
2 3
7 e™ :1+ax+u+@ .....
2! 3!
x> x3 x4
8. IfxDRand—1<xs1then|oge(1+x): X_7+?_7+...
2 3 4
x“ x° X
. IfxUOR x| <1 thenl 1-X)= X—————....
9 X and|x| <1 then loge (1 —X) > "3 2
10. I092:1—l+}—£+....
2 3 4

Chapter 3 | Binomial Theorem, Exponential and Logarithmic Series | 11



Solved Examples

o3 s
. Oy 2 y2D
1. Find the 5th term of B—l - —3D
= b
350 8.,8
2 —v?2
Sol. Ty =°Cq0 0 DLsE]
2f H el
8| 6 10
Taa @2 e
_ 8765 x6y10
432 a2b6
6,,10
=70 X2y6
ab
2. Find the coefficient of X" in 1 .
(e
Sol. 1 :A+B|]A:£,B:—E
{(1—x)(3—x} 1-x 3-Xx 2 2
O O
O O
Therefore, L :lDl 1 0J
X)) 20-x 40 _x0
§  °HsH
-1
__(]_—X) 1—% —ED
6H 3H
. L1
Therefore, the coefficient of x'== -
6x3"
1
= —(1- (r+1)
S (1-3 D)
1 ) ] 18 x oxd | E
= Z(1+x+x°+ . +x +.)-=U+—+ +...0
23 )6§l 3 HeH 0

12 | Higher Mathematics Booklet



Find the coefficient of x" in the expansion of |ogg(1+3x +2x2).

We have: loge (1+ 3x +2x?)
=1oge{ (1 +x) (1+2x)} =loge (1 +X) +l0oge (1 + 2x)

0 2 3 n-1 Xn 0O

:ﬁ—%+%—...+(—l) T+..ﬁ+
J —@+@— +(_1)n—1@ +._|:J

%X > 3 - ﬁ

Therefore, coefficient of x" in loge (1+3x +2x2)

_1)n1 n n-1
CY a2 ™ g ony
n n n

Chapter 3 | Binomial Theorem, Exponential and Logarithmic Series | 13



Definition

The number ‘L' is said to be the limit of f(x) asx tendsto 'a if for any arbitrary
O > 0, however small, there exist a corresponding number & > 0 such that
If(x)-L|<) whenever 0 < |x —a| <, i.e. whenever x liesin deleted
o-neighbourhood of a, f(x) liesin O- neighbourhood of L or equivalently

limf()=L iff > @G5> O st
X-a

L-x f(xXx l+0 whenever K {& + -) {a}
Note that limit is generally written as lim or It.

Left-Hand Limit (LHL)
A function f(x) tend to alimit L, asx tendsto 'a from left, if forany Ll >0,
there exist > 0 such that [f (x) —L| <O whenever xO]a & , a[. Inthis
case, wewrite

Lt f(x)=L and say that L isthe left-hand limit of f(x).
X-a
Right-Hand Limit (RHL)
A function f(x) tend to alimit L, asx tendsto 'a from right, if for any U >0,
there exist 3> 0 such that [f(x) —L| <O whenever xO]a, a3 [ .
Inthis case, we write

Lt+ f(x) =L and say that L isthe right-hand limit of f(x).

X-a

Working rule

LHL =f(a )= lim f(x) = lim f(a-h)
X > a_ 0<h -0

RHL=f(@") = lim f(x) = lim f(a+h)
7 0<h -0

X -a

Limit existsiff LHL = RHL ,i.e.
limf(x)=L iff lim f(x)= Iim+f(x)=L

X-a X —a X—a

Rationalisation: Particularly used when numerator or denominator involves
radical expressions (sguare or cube roots etc.)

. a-5
ind liM—————
For exampleto find a5 Ja—3-J7-a"

14 | Higher Mathematics Booklet



, a-5 va-3+y7-a
=lim X .
a-5a-3-J7-a Ja-3+/7-a

—lim— 272 x(Ja-3+7-a).

Ca.5(a-3)—(7-a)

= lim a__55) x(a=3 +7 -a)

a-52(a

:|im&: 2
a5 2

Some Standard Limits:

lim{x}=a limsinx =0.
1. [Jimix 2. Jm
lim cosx =1.
3. X -0 4. X - a
5 limcosx =cosa, Oal R. 6 lim tan x = 0.
. X a . X -0
7. lim tan x =tanafora#(2n +1)g;nDlnteger.
X - a
. sSinx . tanx
lim ——=1. lim =1
8. X-0 X S. X-0 X
) . sinnx _
10. If nisaread number then lim =n.
XxX-0 X
_ __tannx _
11.  If nisarea number then “mo =n.
X _ X
12 tim &g 13 lim&71
Xx-0 X X-0 X
. 1/
14, lim %*‘ﬁ -e 15, lim (1ex)
X - 0 XB X -0

limsinx=sna dd& R.

=€

Chapter 4 | Limits | 15
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Continuity

Workingrule:
A function y = f(x) defined on an open interval | is said to be continuous at an

interior pointx =a, if lim f(x)= lim f(x) =f(a),i.e LHL =RHL =f(a)
X-a x-a’
should be in a straight line.

or, limf(x)="f(a),i.e forf(x) to be continuous at x = a, it must satisfy three
X-a
conditions:

(D) f(a exists, i.e aliesin thedomain of f(x)

@ JimT(X) exigtsi.e LHL = RHL and

(€] )l(iinaf (X) =1(8) the limit equals to the function value.

Continuity of a Function in an Open Interval
A function f(x) is said to be continuous in an open interval (a, b) if f(x) is
continuous at every point in (a, b).

Continuity in a Closed Interval

A function f(x) is said to be continuous in aclosed interval [a, b], wherea< b, if
the following three conditions are satisfied.

(@ f(x)iscontinuous at left endpoint x = afromright, i.e. limf(x) =f(a)
X-a

(b) f(x) iscontinuous at every interior point of open interva (a, b).

(©) f(x)iscontinuous at right endpoint x = b from I€ft, i.e. IirE f(x)=f(b).
X o b=

A function which is not continuous at x = ais said to be discontinuous at X = a
and function is said to be discontinuous function.



Solved Examples

1

Sol.

Sol.

’ et/ x 10
Im O——-=0=
x-0 @UX +1E_

al b.0
c.-1 d. Does not exist

.1
Note that I|m0; does not exist as

—

lim 1: i:oo and Ilim

lim —— =-®
x -0t X 0<h-00+h X0

1 .
- lim
X 0<h-00-h

RHL =f (0+) = lim f (0+h)
h%o

= lim = =
h-0 1+e—1/(0+h) 1+0

LHL =f (0~h) = lim (0—h)

QHO-h) _q eVh_1 oq
lim = lim == —=-
h-0 g/O@-M 41 nooegMi1 041

Since LHL # RHL. Limit for the function f(x) does not exist.

e Xt
lim = lim X
Xo=—o X+1 xa—ooxﬁl_i_}l]
xH
1+i
. 2 1
— lim 1 "T0"
Xo—oo g1 1+0
X

Chapter 4 | Limits | 17
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Sal.

Sol.

X-0 1
1+eX
a0 b.1
c.2 d. Does not exist
1
X
RHL = lim ¢
x - 0" 1
1+ex
1
. . h 0
= lim = lim =~ =
0<h -0 1 o<h-o -1 1+0
1+eh l+eh
1 -1
LHL = lim € = jim M7 00 4 ophL
X0 1 o<h-o0 -1 1+0
1+ eX l+eh
1
lim (4" +5Mn =
X — 00
1 EP[In .
lim (4" +5M)n = [im 5|ZL+ =5(1+0) =5
X 00 X0 H BgH
. sinbx
lim
x -0 tan 3x
EBmeD
Est 50, . CsnSxO_, d||mD tan3xd [
3 Dtan3x0 3 xﬁoH H fﬂ H

3XH



6.

O 12 x<4
Check the continuity of the function f (x) = %4x -[x] 4<x<7 in
H 22 x>7

[4,7].

To check continuity at 4,
RHL = lim 4x-[x] = Iihm 4(4+h) -[4+h] = 16-4=12
0<h -0

+
X-4

LHL = lim f(x) =12 and f(4) =120 LHL =RHL =f(4)
X4
To check continuity at 7,

LHL = lim 4x~[x] = lim 4(7—h)~[7~h] =28~ 6=22and
X7 -

RHL =f (7) =22=LHL,i.e f(x) iscontinuousat x=4and 7

For checking the continuity in the open interva (4, 7), let us check the
continuity at X = 6,

RHL = lim 4x-[x] = lim 4(6+h)—[6+h] =24 —6=18
h-0

+
X6

LHL = lim 4x—[x] :rl1im 4(6—-h)—-[6-h]=24-5=19
4>0

X6
f(6) =4 x 6-[6] = 24— 6= 18

lim f(x)# lim f(x), f(x) isnot continuous at x = 6.
X-6" X6

Therefore, function f(x) is not continuous in the closed interval [4,7].

A function which is not continuous x = ais said to be discontinuous at
x = aand function is said to be discontinuous function.
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Differentiation

Differentiability

Derivability at a Point
The function f(x) is said to be derivable or differentiable at x = a, where ais

some interior point of domain of f(x), if IimM exist,
X-a X-—a
e lim fla+h)—f(a) _ lim f(a—h) -f(a)
0<h -0 h 0<h -0 -h

d
Derivative of f(x) at x = ais denoted by f'(a) or Df(a) or Sﬁf (x)ﬁ(
=a

L eft-Hand Derivative (LHD) of f(x) at x = g, if it exit, is denoted by Lf'(a) and
is given by
”mf@—m—N®

om n , whereh > 0. Lf'(a) is also denoted by f'(ar).

Right-Hand Derivative (RHD) of f(x) at x = a, if it exi<t, is denoted by Rf'(a),
and is given by
”mf@+M‘N®

pm h , where h > 0. Rf'(a) is aso denoted by f'(a").

0 f'(a) exist iff both Lf'(a) and Rf'(a) exist and are equal,
i.e.Lf'(d =Rf'(a) =f'(a).

If Lf'(a) # Rf'(a) we say that function isnot differentiable at x = a

Derivability in an Interval

A function f(x) is said to be derivable in an open interval (a, b) if f(x) is
derivable at every interior point of (a, b).

A function f(x) is said to be derivable in aclosed interval [a, b] if

(@ f(x) isderivableat left endpoint x = afrom right,

f(a+h) -f(a)
h

i.e. lim exist.

h-0
(b) f(x)isderivable at every point of (a, b).
(0 f(x)isderivable at right endpoint x = b from left,

ie fim [(EZN -0
h-0 -h

exist.
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Relation between Continuity and Differentiability

If afunction is differentiable at a point, then it is aso continuous at that point,
but converse is not always true. But if afunction is not continuous at a point,
then it is not differentiable at that point.

Example of a function which is continuous but not differentiable at a point is,
f(x) = |x|. Thisfunction is continuous a x = 0, but it is not differentiable at

x = 0. Generally, continuous functions which have corners or kinks in their
graph are not derivable at those points.

Derived Function
Let y = f(x) be afunction with domain D. The derivative of f(x) is denoted

, dy ., d f(x+h)—f(x :
by (x) or 0 () or D(x). f/(x) = A,ﬁn%,prowdedthe

limit exist. Here his a small number, either positive or negative. f'(x) is called
the derived function of f(x).

Algebra of Derivatives
In the following results, k is constant, u and v are functions of x

d

—(k)=0
1 OIX( )

d du

—(ku) = k—
2 dx( ) dx
3 Suey=N:Y
) dx = dx = dx
4 Prod I E(UV)=UQ+V%
. r uctruedx x Vax

Jau_
5.  Quotientrule d DUO_ "dx dx
dx V2
Some Standard Derivatives
1 If cisaconstant then di{c} =0
X

d

—{x} =1.
2. dx{ }
3. i{x”} =nx" "1

dx
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10.

11.

12.

13.

14.

15.

d, x X
—1€ =€,
o &t

%{a’(} =a" loga

i{Iog x} =£forx >0.
dx X

i{sin X} =cosX.
dx

i{cosx} =-sinx.
dx

d

{tan x} =sec®x for x #(2n +1)7—T'n 0z.
dx 2

di{cot X} = - cosec? x for x Znm,n 0Z.
X

d

] {secx} =secx tan x for x #(2n +1)/2,n0Z.
X

di{cosec x} = —cosecx cot x for x Znrm, 0Z.
X

. o . o dy _dy du .
If uisafunctioninx andy isafunctioninu, then —— =——.——.lItis
dx du dx

known as chain rule.

Let f be adifferentiable function on [a,b]. Then the derivative ' isa
function on [a, b]. If " isdifferentiable at x, then the derivative of ' at x
is called second derivative of f at . It is noted by f* (x) or f@ (x).

By Induction, n" derivative of f(x) can be defined for all nON as

() = F™ 0

n

d
If y = f(x) then f(") (x) is denoted by d—?,'
X



16.

17.

18.

19.

dly _ d B"HE
ax"  dx Eﬂxn_lj

Ify=(ax+b)"theny"=m(m-1) (m-2) ... (m—n+1) (ax + )M~ x
an

Iff(x) =(ax+b)™, mOZ,m>0,n N then

i) m<n O fMW(x)=0
iym=n0 fO(x)=na

| —
|||)m>n 0 f(ﬂ): ﬁ(ax+b)m nan‘

If f(x) isa polynomia function of degree lessthan n wheren [0 N then
" (x) = 0.

Successive Differentiation

Let y = f(xO be a differentiable function then y; = j—i =f'(x).

The derivative of ;—di is called double derivative of f(x) and is denoted

2
by d—g ory,or f'(x) . If nisapositive integer, then nth order
dx

n
derivative of y or f(x) is denoted by yn or d—: or y™ or D" or
dx

f(N(x).
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nth Order Derivative of Some Special Functions

m! m-n
(m=-n)!
If m>n, when m=n, D"(x") = n!, whereaswhen m < n, then D"{x™} =0

1 D"(x)™ =m(m-1)(m=-2) ... (m—(n-D)x™" =

X

2 D" (@™) = @™ (log @)"m". Particularly D"a* = &(log @)"

3. DNe*b = gheax+h

m! ifn<m.
(m-n)!

If n>m, then D"(ax+b)™ = 0, whereasif n=m, then

D"(ax+b)™ =n!a"

4, If m ONthen D"(ax +b)™ = (ax +b)™™" xa" x

5. D"(ax+b) ™t =(-)" n! a"(ax +b)™"Lor

ond 1 0O (-)"n! a0 pB (-)"n!
+bH (ac+ )™ (0™

n-1 n
6. Dnloge(ax+b) :M
(ax +b)"

. . 0O nrrl
7. D"sin(ax +b) =a" sinFax +b +—
( ) Bﬁx > H

O nrrQ
) D" cos(ax +b) =a" cosFax +b +—
8 S( ) Bax > H

n/2
0. D”{eax sin(bx+c)} =( a’ +b2) xe™ sin Fbx +c +ntant
U a|

n/2
10. D”{eax cos(bx+c)} =( a’ +b2) xe cos@ax +C +ntan_1%
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Solved Examples

1 . d2y
1 If y=—,find —
x* dx?

Sol. y=x*
O logy =—xlog x

1dy

1
O y dx :—x-; +log x (1)

dy _
O X =(Hogx-1)y

2
09% 0 Yiogx 3 Lo ¢ logx - (ogx 1) —at
dx2  dx X x* x* X

=(L+log x)? XX —x~ )

o3
2. Fory:Iog{1—Iog(l—x)},thevalueofd—g ax=0is
X

1
al b. 2 c.—g d-1

Sol. 1-¢ =logl-x)ax=0,e"=1
O ey 1 oax 0y 1
1-x

0 (y) &y ! > ax 0e5 Lyt 1Ly: 0
(1-x)

O (yR 2e0y'yw fy'yw ofys
(R 2¢/y'y y'y ey P

Atx=0¢ =1y'=1y"=0,y" =1
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02 O

d
3. %ﬁz

| i 2x ) _ 2x£| 21 sz_ﬁ
g Oezx O logx  (e7)-e (logx) og X
so. = - X dx - X
dx ﬁogxﬁ (log x)? (log x)?
_ (2xlog x -1)e**
x(Iogx)2
4 y—X X+ L
X+ 1
1
X+
X—1...00
0 10 d 2
0o-% —-%t 1 =
Sl dx y2 dx dxﬁl yzﬁ dx  y2+1
o dy
5. siny = xsin(a+y), then ax isegual to
Sol. :_Sii
sin(a+y)
Differentiatew.r.t. y'
%:sin(a+y)cosy—cos(a+y)siny :sin(a+y -y) _ sina
dy sin(a+y) sn?(a+y)  sin’(a+y)
o dy sin*@a+y)
dx sina
B W1+sinx +4/1-sinx U _
6. y=tn 1+:;inx—x/1—sinxﬁ’then dx '°
_ , bsinx+101
a. independent of x b. tan nx—lH

N | X
N

Sol. % is independent of X, as

1 d+cosxO_, 10

y =tan L tan"Heot 25 =T X
sinx H E 2 2
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Integration

Indefinite Integrals:

d
If o (g(x)) =f(x), then If (x) dx =g(x) + ¢, wherecisany arbitrary rea
number and is called constant of integration. The function f(x) in I f(x)dxis

called the integrand, the function g(x) is called integral or anti-derivative or
primitive of the function f(x) w. r. t. x. If F(x) is an anti-derivative of f(x) then
F(x) + ¢, c ORiscaled indefiniteintegral of f(X) with respect to x. It is

denoted by |f (x) dx. The real number c is called constant of integration.

Some Standard Indefinite Integrals

n+1

1. If n# —1thenj'xn dx =Xn a +cC

2. J'dx:x+c.

3. J'%dx=2\/;+c.

4, J’idx=log|x|+c.
X
5. J’exdx=ex +C.

a.X

loga

+C.

6. Ifa>0,anda £ 1, thenjaxdxz

7. J'cosx dx =sin x +c.
8. Isinxdxz—cosx +C.
9, J’seczxdx=tanx+c.
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10. J’coszec2 X dx = —cot X +C.

11. Isecxtan X dx =sec x +c.

12. Icosecx cot x dx = —cosec x +c.

13. I 1 dx=sin"tx +c=-costx +c
1-x?

14. Il+1x2 dx=tan"tx +c=-cot™* x +c.

-1

15. dx =sec I x +¢ = -cosec ! x +cand if

If x> 1, then
I \/ -1
1 -1

x<—1then-|’+dx:—%c_ X +C =COSeC ™~ X +C.
X -1

16. Itanxdleog|secx|+c.

17. Icotxdleog|sinx|+c.

1 dx=sin_1D(D+c
8 B e

19. J'; dx =In §<+\/a2 +xzﬁ+c =sinh 1% +c
/a2+x2 a
Substitution: x = atan® or asinh 6
20. I; dx =In|x +x2 —a2| +c =cosh ™12 +c.
/Xz_az a
Substitution: x = a secO or a cosh®
1 1, _1xO
dx == tan +cC.
21. Iaz _ 2 a
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1 dx:ilogEa+XD+c
A

2
23. J'\/a2 +x2 dx :gxlaz +x2 +a7|n §< +/a? +xzﬁ +C.

Substitution: x = atan® or a cotd or asinho.

2
24. J'\/xz -a? dx :gxlxz -a2 —a?ln

Substitution: x = a secO or a cosh®.

X +Vx? —az‘ +C.

dx 1, 41X
=Ztan ' +c
2. .ra2+x2 a a

Substitution: x = atan 6.

26. Integration By Parts: If f(x) and g(x) are two integrable functions then
If (x) g(x) dx =f (x) J’g (x) dx —If (%) ag(x)dxéix.
27. J'ex [f(x)+f(x)] dx =€* f(x) +c

Integrals of Various Type

Typel

dx ax
ax2+bx +C ,-I.\/axz +bx +c

Express ax2 + bx + ¢ in the form of perfect square and then apply the standard
results.

,J'\/ax2+bx +c dx

Type 2

J' px+q dx I pxX+q
a®+bx+c J a2 +bx+c
p(x)

I(IDX+Q) aX2+bx+cdx,Iz—
ax“ +bx+c

dX, where p(x) is any polynomial of

X
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In first three of these, let px+q = )\di(axz +bx +c) + pwhereA and p are
X

constants, which you can find by comparing the coefficients, this will break
the given integral into two integrals, where in first integral substitute ax? + bx
+ ¢ =y and second is of type 1. Reduce fourth integral to first type, by dividing
p(x) by ax2 + bx +c.

Type3
dx dx dx
Ia+bsin2x '.[a+bcoszx 'J’asinzx +bcos? x ’
dx

I(asinx + bcosx)2 ’

f (tan x)dx
Iasinz X +bsinx cosx +ccos? x +d

Divide numerator and denominator by cos?x and then substitute tan x = t,
sec?x dx = dt, then integral reduces to Type 2.

where f(tanx) is polynomial in tanx

Type4

dx dx dx
Ia+bsinx ’Ia+bcosx ’Iadnx +bcosx +c '
J.csinx+dcosx X,J.dsinx+ecosx +f dx
asinx +bcosx asinx +bcosx +c

In first three of these substitute

2dt 1-t2 2t
COSX =——,9nx =

1+1%° 1+t2 1+t2
In fourth, express numerator as

tan5=t,dx=
2

A (denominator )+ ﬁ% (denomin ator)@by comparing the coefficients

find the value of constants. Then integral value is Ax + p In [denominator| + c.
Similarly in fifth, express numerator as

A (denominator )+ p ﬁf—x (denomin ator)§+ v

Definite Integrals

Let f(x) be afunction defined on [a, b]. If J’f (x) dx =F(x), then
F(b) — F(a) is called the definiteintegral of f(x) over [a, b]. It is denoted by

b
If (X) dX'The real number ais called the lower limit and the real number b is
a

called the upper limit.
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Some Standard Definite Integrals

b b
1 J’f (x)dx =J'f (t)dt

3 If a<c<bthen j)'f (x) dx:}f (x)dx.+j)'f (x) dx
4 J'f (x) dx :J'f (a=x)dx.

b b
5 J'f (x) dx=J'f (a+b-x)dx.

(x) dx, if f(x) isan even function.

if f(x)isan odd function.

0a
2a . i
7. If (X) dx = élz_oj’(x) dx, if f(2a—x) =f(x).
0 g) if f(Za—X) - _f(X)_

8. It” "t (x) dx :J'bf(x) dx » if F(x) is periodic with period T and n0Z
a+nT a

Hint: Substitute nT +y for x.

9. If f(X) isaperiodic function with period T and a R", m,n02Z, then

T I
€] I:+ f(x) dx = J’:f (X) dx , by substituting T +y for x

(b) }f(x) dx = nJ'f (x) dx

-
f

© J':+Tf(x) =

(x) dx i-€. J’a+Tf(x) dx isindependent of a
0 a
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Solved Examples

1
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Sol.

Sal.

Sol.

Sal.

J' 4% X dx

J'(4e)x dx =@ +C
In(4e)

4
J.sz +3IX
X< +1

2x4 +2x%-2x%2 -2 +5

.I X2 +1

4 2 _ou2 _
:J-ZX + 2X dx+J' 2X 2dx+J' 5 dx
X2 +1 x2 +1 x2 +1

:I2X2 dx —Ide +Ix25+ .

3
= 2% - 2x +5tan"1(x) +c

dx

dx
.r3sinx + 4 cosx

3sinx +4 cosx =5 (sinx cosa + cosx sina) =5 sin(x + a) where
a:tan_lgéﬁ

x+o)|,

2x -3 dx
I3x2+4x +5

od 2 O . .
Put 2x-3=A 3X“ +4x +5)F+ U = A(6x +4) + 1, given integra
B&( )H = A( )+H, g eg

becomes A Ox + 4 +U ox
J.3x2 +4x +5 J’3x2 +4x +5

_ dx
Integrating I3x2 +Ax +5

1 dx 1 dx _1 .3 alBx+20
3J 2,4 .5 3 3 Hvm o



Sol.

Sol.

Comparing the coefficients, we get A = N W= _13

3
1 2 13 -1 @x + 20
= —1In|3x“ +4x +5|——=tan +C
3" | 311 H i1 o

1
—d
J’(x—l)\/xz +4 "
1

Let x—1:}D x= + 1ldx _—1dt
t t t2
1
= _t?dt == dt = - L
I_Il\/ﬁﬁgw ‘[\/(t+1)2+4t2 J’\/5t2+2t+1
t

iy
t

dt

I S 1

-1 10 > 2, 1
=—In|g+=q+,/t°+=t+=| +C
J5 ﬁ 55V "5 5
= _—1 1 +E+ 1 + 2 +}I +C
5 |x-1 5 \(x-12 5(x-1) 5
-1 |1 1, | x*+4
=—In +=+ +C
V5 X175 \5(x -1
I dx
7+ 4x —2x°
V23 [T e g9 V20 [0y
2 2
1 dx
\/E'r 03 f )
-(x-1)
2
-0
_ 1 BV -nE
2 :
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/2

dx
7. 0 1+ +/cotx
/2 m & -
s J e+ ook -0

/2 1,9n%_xﬁ M a a 0

dx O [f(x)dx = [f(a—x)dx O
e L

0
_"/2 Jcosx )
[ asx +vanx & (i)

Adding (i) and (ii), we get

2 ~sinx ++/cosx T m

dxie2l=—0%f -

-[ Jcosx + +/sinx - 2 4

1

de
8. -[\/ﬁ+\/;

J3-X 2 3-x
Sol. ”3 (B-x) +4/3- = &= {& \/ﬁ

2|:{\/%_’i\/,xdx+f V3-x

2

x K+ iX
NN T

2|:J'dx = 2-1 1

1 2 2
3

. J’|x|dx

-3

3 3
Sol. |x| dx = |x| dx + |X| dx
Jpe=mee]

Ifx<0, [x|=-
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10.

Sol.

x>0, x| =-

0 3 2 2f
:I—xdx+-[xdx:——D t—
27, 2
3 0
0_9o.9
=0-
H2H"2
=9

Same can be obtained as follows

x| isan even function.

3 3 3 2
I|x|dx:2ﬂx| dx ZZIX dx :2%(—5 =2x9 =9
3 0 0 025,

2 1

-(l; a® sin® x + b? cos® x
Dividing the numerator and the denominator by cos?x,

12
m sec? x dx

-([ a’ tan® x + b?
T
Lettanx =t, sec? dx=dt,x - 00 t - O, X3 Ot o

J-azt +b2_¥-([

2, b?
7

at 1:at :iD - 1Dn§]:_n
b , @ R

S
2
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Scalar and Vector Quantities

(@) Scalar: A quantity which has only magnitude.
Examples: Length, mass, volume, time, temperature etc., are al scalars.

(i) Vector: A quantity which has magnitude as well as direction or a
directed line segment is called a vector.
Examples: Displacement, velocity, acceleration, force etc., are al
Vectors.

Representation of Vectors

Let A be an arbitary point in space and B any other point. Then the line
segment AB has both magnitude and direction, i.e. from A to B. Point A is
called the initia point (or tail) and B is called the terminating point (or head)

of vector Ag. A vector isdenoted by & and its magnitude by |3 or a

Properties of Vectors

1 A vector of unit magnitude is called unit vector. A unit vector in the

a
direction of  isgivenby [z and is denoted by a,ie a=|ga.

2. Two or more vectors are said to be equal if they have the same
magnitude and same direction.

If initial point is chosen as origin O and P be any other point, then the
position vector (p.v.) of Pis Op .
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10.

11.

12.

13.

14.

A vector having direction opposite to that of @ but having the same
magnitude is called the negative vector and is denoted by -a.

A vector having its head and tail at the same point is called anull or a
zero vector denoted by §. €0. oA - A null vector is of zero
magnitude and have any arbitrary direction.

Vector addition : If a, b are two vectors, then there exists three points A,
B, Ciinthe space such thata= ABb = BC. Definea+b =
AB+BC=AC

Scalar multiplication : Let mbe ascalar and a be avector. Then the
product mais defined as follows.

i) 1f m> 0, then maisavector of length m |a| and having direction
same asto that of a.

ii) If m < 0, then ma s avector of length (— m) |a| and having direction

oppositeto that of a
iii) If m=0,thenma=0

Two nonzero vectorsa, b arelikevectors < (a,b) =0, where(a, b) is
the angle between vector a and vector b.

Two nonzero vectorsa, b are unlike vectors < (a, b) = 180°

Two nonzero vectorsa, b arepardlel - (a, b) =0or (a, b) = 180°

If ry=x;a+y,b+z¢,r, =x, a +y, b +z, ¢ then

r+ry =(xg +xp)a +(yy +y2)b H(z +z,)c

Ifr=xi+yj +2zk then [r| = \/x2 +y2 +7?
If the position vectors of the points, P, Qarex i +y j + zik and X, i +

Yoj + zok then |@| = \/(xl —xz)2 +(yp —y2)2 +(z ‘22)2

Thevectorsa = ayi + agj +agk, b = byi + byj + bk, c=cyi+ ¢y + ck are
& @ a
linearly dependent iff |y b, bs[=0

G C C3
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15.

16.

17.

18.

19.

20.

21.

23.

24.

Thevectorsa = aji + ayj + agk, b =Dbyi + byj + bk, c=cqi + ¢y + ck are
& a, ag

coplanar iff |by b, bs|=0
G G G

Let a, b be the position vectors of the points A, B respectively. The
position vector of the point P which divides ABin theratio m: nis

mb + na
m+n

Let a, b be the position vectors of the points A, B respectively. The
position vector of the point P which divides AB externally in the ratio

mb - na
m-n

m: nis

Dot product : Leta, b be two vectors. The dot product or direct
product or inner product or scalar product of aand b is denoted by a .
b and is defined as follows

l)Ifa=0orb=0thena.b=0

2)Ifa£0,b z0thena b= a| |b| cos(a, b)
If a,b aretwovectorsthena.b=b. a.

If aisavector thena.a= |a|2.

If a, b, c are three vectors, then
i)a(b+c)=a.b+a.c
ii)(b+c).a=b.a+c.a

If a=ayi +ayj +agk, b=Dbsi +byj +bzkthenab =ab; +ab, + aghs

If a= ayi +aj +agk then [a| = \/a? +a3 +a3

a.b
If &, b are two nonzero vectors then cos (a, b) = m



25.

26.

27.

28.

29.

31.

32.

35.

36.

Crossproduct : Let a, b be two vectors. The cross product or vector
product or skew product of the vectorsa, b isdenoted by ax b and is
defined as follows

1) Ifa=0orb=0o0r g bareparale,thenaxb =0

2)Ifaz0,b #0,a,barenot parallel, thenax b = |a||b|sin (a, b) n,

where n is the unit vector perpendicular to the planed generated by a, b
so that a, b, n form aright handed system.

If a,b aretwovectorsthenaxb=—-b xa.

If a, b, c are three vectors, then
iJax(b+c)=axb+axc
i)(b+c)xa=bxa+cxa

Dixi=jxj=kxk=0
iixj=k==jxi,jxk=i=—kxj;kxi=j=—ixk.
i j Kk
Ifa=ayi +ayj +agk,b=Dbi +byj +bkthenaxb=|g a, a3
by by b

If &, b, c are the position vectors of the vertices of atriangle, then the

1
vector area of thetriangle = > (axb+bxc+cxa).

The length of the projection of b on a vector perpendicular to ain the

jaxbl
plane generated by a, b is W

If a, b, carethreevectors, then (ax b) . c,a. (b x ¢) arecalled scalar
triple productsof a, b, c.

Ifa, b, c, arevectors, then(axb).c=(bxc).a=(cxa).b.
If a, b, c arethree vectors then

[a b c]=[b ¢ a]=[c a b]

=—[b a c|]==[c b a]==[a c b]

If a,baretwovectorsthen [a a b]=[a b a]=[b a a]=0.
If a= gl + apm + agn, b= bl + bom + bgn, ¢ = ¢41 + c,m + czn wherel,
m, n form aright handed system of noncoplanar vectors, then

& B

[a b c]=[I m n| b by Dbs
G G C3
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37.

39.

4]1.

42

&

45.

Three vectorsa, b, care coplanar iff [a b c]| =0.

a.c a.d‘

Ifa, b, c,d arefour vectorsthen (ax b) . (cxd)= |, . , 4

If a, b, ¢, d arefour vectors, then
(axb)x(cxd)=[abd]c-[abc]d=[acd] b-[bcd] a

[ ] k=1
[a+b b+c c+a]=2a b (]
ix(jxk)+jx(kxi)+kx(ixj)=0

ax(bxc)+bx(cxa)+cx(axb)=0

ix(@xi)+jx(axj)+kx(@axk)=2a

[axb bxc cxa|=[a b c]2

Solved Example
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1

Sol.

Find the position vectors of the points which divide the join of the

points 25 +3B and ;—26 internally and externally in the ratio 3 :
2.

7 - ¢ 7 e
—a,—a-12b . ——a, a+l12b
2% b 75
8—> — — —
C. §a+ b,-4a-13b d. None of these

Let P and Q be the points with position vectors

2; +36 and ; —26 respectively. Let R and S be the points

dividing PQ in the ratio 3 : 2 internally and externally respectively.
Then
Position vector of R.

3D;—ZBD+ D25j1+3ﬂ
R R

3+2

a

[N



Sol.

Sol.

Sol.

Dﬁd

O

0 -0 0 -

30a-2bg-232a+3
O 0O
3-2

Position vector of S = = —; —125

If the position vectors of A, B, Cand D are
i+]+k 2i +5j, 3 +2) -3k
and i —6] —k, then angle between AB and CDis

ao b. dp

N
o
NS

A= @ +5)—(i+j+k)=i+4 -k

= (i —6j —k) — (3 + 2 —3K)
= —2?—8] +2k. Angle between AB and CD is given by

(i +4] —Kk).(=2i -8] +2k)

cosf =
V1+16+1J4+64 +4

=-10O=T1m.

Given vectors are ;=2f —3] +4I2, B =i +2] -k

- - -

and c 3I—j+2k Findthevalueof [a b c]=

a —37 b.-19 c.—7 d. 49
2 -3 4
[a bc]=11 2 -1=-7
3 -1 2

If thevectors a = -21 -2} +4k b = -2 +4] —2k and

E =4 - )\] -2k are coplanar, then the value of A is
az2 b. -2 c.4 d. 4

.- Given vectors g , p and c are coplanar.
O[ab ck O

-2 2 4
04 2 4 - 0

4 -\ -2

O —2(-8—-2\)+2(4+8)+4(2\ —16)=0
A= 2
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5. If a=2i+2]+3k b= +2] +k andc =3 +] ,then a +pc is
perpendicular to p if p=
a-b b.5 c.8 d.6

- - 0 -0~
Sol: .. a +pc isperpendicular to pOoOat+t pcob =0
0 0

— - -

6.  Foranythreevectors 5 b, ¢ -[a+ b b+c c+a] iSequal to

- - —

a 2(a+b+c) b.[abc]?

- 5 -

c. abc] d. None of these

- =

Sol: [5+B b+ c c+;]
=(a+b) [(b+c)x(c +a)]
—(a+b)[b xC +b xa +0 xC 4 xa]
=(a+b)[b xc+b xa +0 +c xaj
= allbxc)+b[b xa) +a{c xa)
+bb xc)+b{b xa) +b [c xa)

- 5 - - - - e

=[abc]+0+0+0+0H{bca] =Zabc]
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Sol.

Let 3 b and ¢ be three non-coplanar vectors, and p, § and 7 bethe

vectors defined by the relations

5= bx¢ = xa and 7 = axb
Rbcd  Habd Habg ' then

(a+b).p+ (b+0).G+(C+3a).r isequa to

a0 b.1 c.2 d3

amzaﬁz f alficxa) =0
By Habg

Therefore,
(a+b)m+(b+c)@+(c +a) @

—alp+bP+bG+c[+c@+al =1+1+1=3.
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Complex Numbers

Definition

Any number of the form a+ ib, where aand b are real numbers, is called
complex number. Generally, complex numbers are denoted by z (= a + ib say).
Here ais called thereal part of z, and b is the imaginary part of z. Notation for
thesameisRe(2) = a, Im (2) = b, where Re (2) standsfor the real part of z and
Im (2) stands for the imaginary part of z. Any complex number a + ib can also
be written as (a, b).

Properties

1 Two complex numbers z; and z, are equal if Re (z;) = Re (zp) and Im
(z1) = Im(z,). Therefore, a+ ib=c+id = a=candb=d. Notethat we
cannot compare two complex numbers (except equality), i.e. we cannot
say whether a complex number z, is more than or less an another
complex number z,.

2 Let 2y = (&, by), 5 = (&, by) OC. Then define the sum of z; and z, as
21 + 2, = (81 + @,by + by). Here + is called complex addition.
Foreg. (&g +iby) + (& +iby) = (ag + &) +i (by + by)
Similarly, (ay +iby) —(as +iby) = (a1 —a) +i (b —by)

3. Let 2y = (&, by), z, = (ay, by) OC.
Then define the sum of z, and z; as z; . z, = (& — biby, a;by + ahy).
Here*." is called complex multiplication.
For eg. (a; +iby) (8 +iby) = (a8 — byb,) + i (a1b, + a5b,)

4. Commutative law for addition: If z;, z, OC, thenz; + 2z, =2, + 7

5. Associative law for addition: If z;, z,, zz OC, then (z; + 2p) + zZ3=27; +
(22+ 23)

6. Distributivelaw for addition: If z;, 5, zz O1C, thenz; +( 2, + z3) =
217y + 2973

Modulusand Argument
If Pisapoint in the complex plane corresponding to the complex number z = a

b
+ib, thena=r cosd, b=rsin, where [ = /a2 +p2 =op andB=tan™—.ris

called modulus of the complex number z and is written |z| and q is called
argument or amplitude of z, written as arg(z) or amp(z). Therefore, r = |z| =

b
Ja2 +p2 ad 6 =arg(z) = tan—lgl ,i.e. polar coordinates of zis(r, 6).
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Euler’'sform

z=a+ib=r(cosp +ising) = re', where cosO +isin g =e'®
7. a—ibiscalled the conjugate of z=a+ ib and isdenoted by 7.

Propertiesof Conjugate

(i) zz= |zP (i) zyxz,=2+ 2,

(i) zz,=27 (v) Fad.
20 2Z»

Z

8. If zy and z, be two complex numbers, then
(i) 22+ 2| <[z1] +]2]
(i) [z~ 25| <[22 +|zo)|
(ii}) |21~ 25| 2|2| =z
(V) |22.22] 2 |2]|2]

z

Z3

4

)

if z, 20

v)

(vi) |kzy| = K|z if k is any positive real number.

CubeRootsof Unity
If zisacuberoot of unity, then
1 1 1

2=13=1(cosO +i sinO)§ =(cos2rm +isin2r 71)é

= COSZ%T+i sinern ,wherer=0, 1,2

Oz 1 0052—373 i sinzér,cosﬂ i sin%norz:l_l’ri\/é,—l—i\@’

2 2
which are the cube roots of unity. They are also denoted by 1, w, w?,
wherew= “1+i3 .
2
Propertiesof Cube-Rootsof Unity
9. 1+ w+w’=0
10. mg =1

11.  The product of the cube roots of unity is one.

12. 1, w, w? arein Geometric Progression.
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Solved Examples

0i+43 00 O \/:_4]200
1 ﬁfﬂ/’ﬁ ﬁﬁl N
al c.0 d. None of these

Oi+y3 00 0j-y3*™®

Sol. Wehaveﬁ_ IE ﬁ \/ﬁ

:Ei(i+J§)E2°°Ei(i—f 200
gﬂ(—n@)g Ei(i+:%

D—1+|IDD DD—l ivag

R
T

-1- |f DD—1+|f
05 2

:ﬁ_lg + 0P = (< P)20 4 (700 ET__MZE
3
= 000 + (290 = (%) 133 (o + (W) WP = w+ WP = —1

Th+bw+cof +d @ 4o A0
Epuwbu? +wd dd@ e%
aw b. w3 c.w d. None of these

Ca+bw+caf +d? +e JO
Sol. Lez= ﬁazwba? +cod +d J +e

O a+bw+ce? +dd +edd O

(Given w®=1)

+bof +cod +d J +e 05@
Since w®=1,
1
Z:1 O 25=—5=1
w w
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Coordinate Geometry

Cartesian Coordinates

Y 4
[l quadrant | quadrant
- P(x,y)
M >
0 x-axis X
[l quadrant IV quadrant

Let OX and OY be two mutually perpendicular straight lines in the plane of
paper. Theline OX is called x-axis, the line OY isy-axis, whereas the two
together are called the coordinate axes. The plane is called the XY -plane or
coordinate plane. The point 'O' is known as origin. From any point 'P' in the
plane, draw a straight line parallel to OY to meet OX in M.

The distance OM (= x) is called the abscissa, and the distance MP (= y) is
caled the ordinate of the point P, whereas the abscissa and the ordinate
together are its coordinates, denoted simply as P(x, y). For an arbitrary pair of
real numbers x and y, there exists a unique point A in the XY -plane for which
x will beits abscissaand y its ordinate. Note that (x, y) is an ordered pair,
which means that point (X, y) is different from (y, x).

Some Standard Properties and Results

1 The distance between the points A (X4, ¥1) and B (Xo, Y5) is

AB= \/(Xl‘X2)2 +(y1-y2)

2. Three or more points are said to be collinear if they lie on aline.

3. If A, B and C arecollinear, then AB+ BC=ACor AC+ CB =AB or
BA + AC=BC.
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10.

The point which divides the line segment joining the points A (X4, Y1),
B (Xp, ¥p) intheratio /: m

Xo +mxy ly, +my1D(|+m¢0)
l+m l+m H

(i) internally is E

OXo =mxq ly, —my; [0
(i) externally is ] e yzl_mylﬁ('im)

The midpoint of the line segment joining A (X1, Y1), B (X5, ¥2) is

X1 +Xp y1+yol0
2 2

If P(x,y) liesintheline joining A (X4, Y1), B (X, ¥,) then
X17X_Y17Y
X=Xz Y~Y2
also equalsto
Yi—=Y: y—-Yo

and P divides AB intheratio x; —X : X — X, that is

If (X1, Y1), (X2, ¥2), (X3, y3) are three consecutive vertices of a
parallelogram, then the fourth vertex is (X, — X, + X3, Y1 — Y2 + Y3).

The centroid of the triangle formed by the points A (X4, Y1), B (X2, ¥2),

o DXp+Xp +X3 Y +Yyo ty30
C (X3 Y3 is. H 3 ! 3

The area of the triangle formed by the points A (x4, y1) and B (X5, Y»)

X1 Y1
and C (x3, y3) is :E Xo Yo

X3 Y3

1

2

X=Xy Yo™VY1
X3=X1 Y37VY1

1
= E[(lez —XpY1 +(XaY3 ~X3Y2) +(X3Yq —x1y3]

The area of the triangle formed by the points O (0,0), A (x1, y1), B (x2,

o1
y2) is §|X1Y2 = Xoy4|



11. Theareaof thetriangle formed by the points (X4, Y1), (X2, ¥2), (X3, ¥3) IS
Xi- X, Xi- X,
Yi- Y2 ><:y1' Ys

12. ThreepointsA, B, C arecollinear if areaof A ABCiszero.

L
2

13. Theincenre of AABC with sides a, b and ¢ and vertices A(x1,y1),
B(x2, y2) and C(x3, y3) is given by
[x +bx, +cx3 ay; +by, +cy30
a+tb+c ' a+b+c

14.  Circumcentre of triangle A(X1,y1), B(X5, ¥2) and C(X3, Y3) is given by

(X, SIN2A +X,8iN2B +Xx38iN2C y;Sin2A +y, sin2B +y5sin2C
H sn2A+sin2B+sn2C ' sin2A +sin2B +sin2C

15.  Orthocenter of triangle A(X1,y1), B(Xs, ¥5) and C(xs, y3) is given by

X, tanA +x, tanB +x3tanC y  tan A +y, +ystanCO
H tanA+tanB+tanC ' tanA +tanB +tanC

Solved Examples

1 The points of trisection of the line joining the points (0, 3) and (6, —3)

ae
a(2,0); 4,1 b.(2,-1); (4, 1)
c.(3,1);(4-1) d. (2,1); (4,-1)

Sol: Let P, Q bethe points of trisection
(0+6 6-30

o P= BT,THor(Z, D ;

_[0+12 3-60

Q= BT,?Hor 4,-1

2. A lineis of length 10 units and one end is at the point (2, -3); if the
abscissa of the other end be 10, then ordinate must be
a3or-9 b.9or-3
c.4 d. 6

Sol:  Let the ordinate be'y. Then, \/(10 -2)% +(y +3)% =10.
Therefore, y must be 3 or -9.
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Sol:

Sol:

Sol:

Sol:

The length of the side of an equilateral triangle with vertex (1, 1) and

) 01 10
circumcentre %‘ﬁ% is

a 18 b. /8 c. \28 d. None of these

Length of side of an equilateral triangle is equal to V3 R where R isthe
circumradius.

\/gllmzm 102 8
IDD NG

8
Therefore, side = \/éx 5 =\/§

The orthocentre of the triangle whose vertices are (0,0), (3, V3), (0, 2V3)
is
a (0,0) b.(/3,0) c.(1 43) d. None of these

Since the triangle is equilateral, orthocentre is same as centroid G =

Eb+g+o’0+\/§3+2\@§=(]ﬂ6) |

If thelinejoining (c + 1, 2c) and (4c, —3c) is perpendicular to the line
joining (3c, 1 —c) and (—c, —4c) then cis equal to

a3 b.-3 1 q -1
3 3
5c  -3c-1

X
3c-1 -4c

Product of slopes=—1i.e. =-lor-15c-5=-12c+4

orc=-3.

If the mid-points of sides of atriangle are (2, 1), (0, —=3) and (4, 5), then
the coordinates of the centroid of the triangle are

a2l b. (0, 2)

c. (1,3 d. Cannot be determined

Dxp+Xp Y1 +yp 0
BT- > H 21Dx41 Xz 4yt yr 2

Similarly, xo + X3 =0, y, +y3=—6, and X3+ x; = 8, yg + y; = 10
XXy +X3 _ 4+0+8 _ y1+Yo +tys _2-6+10
= =2 and =
Hence, 3 23 3 23

i.e. centroidis (2,1).

=1

Short cut: Centroid of the triangle formed by the mid-points of sides
will be same as that formed by the vertices.



Trigonometry

Some Standard Formulae and Results

10.

11.

sin?0+cos?0=1,sn?20=1-cos?6, cos?B=1-sn?0
1+tan?0=sec? 6, tan?0 = sec?2B—1, sec? 6 —tan?0 =1

1+ cot?2 0 = cosec? 0, cot? 8 = cosec? B — 1, cosec? B —cot?2 6 = 1

1

secO+tanf= ———
secO—-tan O

+ =——
EUEEEE) T EEl cosecO —cot 6

(i) cos(A +B)=cosA cosB-snAsnB
(i1) cos(A —B) =cosA cosB +sinA snB

(i) sSn(A +B)=sinA cosB + cosA sinB
(i) sin(A —B) =sin A cosB —cosA sin B

ey [EATENE
WA +B)= 1 A tan B
(i tan (A —B) = AN

l+tanAtan B

sin(A +B).sin(A—-B)=sin? A —sin? B = cos? B —cos? A.
cos(A +B).cos(A —B)=cos? A —sin? B = cos? B —sin? A

l+tan A _cosA +sin A
1-tan A cosA-sinA

(i) tan ﬁgﬂ\%

O_1-tanA _cosA -sinA
H 1+tan A cosA +sin A

(ii) tan ﬁg—/\

(i)sin(A+B)+sin(A—-B)=2sinA cosB
(isn(A+B)—sn(A—-B)=2cosAsnB
(iii) cos (A + B) + cos (A —B) =2 cos A cosB
(iv)cos(A—-B)—cos(A +B)=2sinA snB
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13. (i)snC+sinD= ZsmB HCO 5
L . DO. OC-Dg
(ll)smC—st=2003 HSH‘H > H
C+D D DC
(iii) cosC + cosD = 2 cos BTH ¢o! 2
) c+DbO_. OC-0J
(|v)cosC—cosD:—29nH 2 HB”E E

EC+DD oD -
=2sn B—H rE

Notations Used: We shall denote the lengths of sides BC, CA and AB of a
AABCby a, band c. Semi-perimeter of the triangle will be denoted by

ab

s=( )andltsareabySorA

Ci rcumrad| us, inradius and 3 exradii will be denoted by R, r and (ry, ro, r3)
respectively.

sinA _snB _sinC _ 1

14, Lawof Sines: = —
a b c 2R
15. Lawof Cosines:
2,2 _.2 2,2 2 2 2 _ 2
COSA:b tC a , COSB:M, COSC:m
2ab
5 A s—b)(s- CD B s—c)(s—
16, A D( )( ) snB =M )(%,
2 bc 2 ca [
E: [(s a)(s b)D
2
s(s- C

B
COsS— = )
2

0/ s(s-g)
2%} a]

cos—
(s—c)(s —%

s(s-b) O

A _ _
R N
A EKs b)(s— c)D E
2 \o S(S a O 2
g E(s a)(s— b)D
2 S(S o 0



10.

20.

21.

22,

23.

24.

25.

= M CotE:

(s-b)(s-c)’ 2

cot2
2

1 1
Areaof atriangle: (i) A:%absinC: EbcsinA = EcasinB

(i) A=/s(s—a)(s—b)(s—0)

abc
iy A=——=rs,
(iii) iR
Projection formula: a=b cosC + c cosB. Likewisefor b and c.

B-C b-c A
Napier'sanalogy: (i) tan ——=—— cot —
a ® 2 b+c 2

[IC-AO_ c-a B
0 E5 7 ora ™2
DA-BO_ a-b C
(i =1 a2

Circumradius

(i R= _a = b = C
2sinA 2sinB 2sinC

(i) R="°

Inradius

A
0Or=<

C

(i) r=(s-a) tan%, r=(s-b) tang, r =(s —c) tanz

(i) r=4R sinésinEsinE
2 2 2

Radii of escribed circles

i) n= 4RsmécosEcosC,r2:4RcosésinEcosE,
2 2 2 2 2 2
r; =4R cosé cosE sinE
2 2 2
ii r—i—st A e A—stanE r A—stanE
(i) A s-a 227 s-b 2'% "s—¢ 2
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Trigonometric Equations

Some Standard Results
1 Solution set of sinx =0is{nm: n 0 Z}.
I

2. Solution set of cosx = 0is §2n+1)§:an§

3. Solution set of tanx =0is{nm: n 0 Z}.

4. Solutionset of snx =k, k OR, k| lis{nm+ (-)"a:nOZ}, wherea
is the principal solution.

5. Solution set of cosx =k, k OR, [k|< lis{(2nmtx a) : n 0 Z}, wherea is
the principal solution.

6. Solution set of tanx =k, k D Ris{nmt+a : n0OZ}, wherea isthe
principal solution.

7.  Solutionsetof sn?x=sinfais{nm+ a:n0Z}, wherea isthe
principal solution of sinx = sin a.

8.  Solution set of cos?x = cos? a is{nrm+ o : n 0 Z}, wherea isthe
principal solution of cosx = cosa.

9.  Solution set of tan?x = tan? a is{nm+ a : n 0 Z}, where a isthe

principal solution of tan x = tan a.

Inverse Circular Functions

Some Standard Results

1

2

tan1x +tanly =tan? Sxﬁg,forx>0,y>o, xy<1
=Xy

Ox+y0O
=10+ tan? m%,forx>o,y>o,xy>1.

X+y
1-xy

tan L x + tanly = tan? forx<0,y<0,xy<1

X+y
1-xy

=T+ tan 2 forx<0,y<0,xy>1



10.

X~y
1+xy

If x>0,y >0thentan?x —tanly=tan?

Ux-y0O
If x<0,y<Othentan®x —tanly =tan? FD

+xyQ’

1
(i)2sinlx=sn? %xvl—xzﬁ' forx < N

1
(i) 2sintx = sl ﬁval-xzﬁ, forx> 7

1
. 1y — 1 2 < —
(i) 2cos™ x =cos™ (2x¢—1), for x < NG

1
i 1y =7 1 (1 —9y2 —
(if) 2 cos™ x = m—cos™ (1 —2x<), for x > B

O 2x O

2tanl x = tan™! EWH if x2<1

O 2x O

=1+ tan? EWB ifx2>1

2tanlx =sint 1+x2’D xOR
l1—x2 )
= COS™ 1+X2,|fx>0
2
:—005‘11+ 5, ifx<0
X

(i) sinrlx=cos?® y1-x2,for0<x<1

(i) sntx=-cos? \1-x? ,for-1<x<0

(icostx=sn?t 1_x2,for0<x<0

(i) costx=m—sn? y1-x? ,for-1<x<0
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Angle of Elevation and Depression of a Point
P

o=ELE of P
3=DEP of Q

Q

Suppose a straight line AX is drawn in the horizontal direction. Then the angle
XAPwhere Pisapoint above AX iscalled angle of elevation of P as seen from
A. Similarly, the angle XAQ, where Q isbelow AX, is called angle of
depression of some point Q.

Note that both the angles — angle of elevation and angle of depression — are
measured with the horizontal line. In the figure shown, the angle of elevation
of top of the pole AC standing on inclined plane PQ is DABM (not JABC).

Solved Examples

1. If sec48-sec20 =2, then the genera vaue of O is
T I
2n+1)— 2n+1)—
a(2n+1); b. (2n+1)0

nm T

m
nm+— or — +—
C. 5 5 10 d. None of these

Sol. sec40-sec20=2 [ cos@— cos@ =2cos40 cos20
U —cos48 =cos68
0 2codb cd®B= O

0 o= nT[+1_T or E[+_]T
2 5 10
i 31 5m ﬁ 7m0
+ cos—77l + cos 1+cos + COS—7 i
2 ﬁ s "8 E: g 'sequd to
1 1 T 1+«f
= = COS—
a > b. 5 C. 3 d. 2\/—

Sol. §+cos—551+cos—Eﬁl COS@ % COS8H



Sol.

Sol.

f 101

10T st =1 —g =1
=% H “2HE Y T

In AABC,a=+/3+1,B=30°, C=45° thenC=
al b.2 c.3 d 4

B=30°, C=45° [ C=105°
- J3+1)sin45°
_ a;mC O ( _ )
SinA sin75°

J3+1). L
o )G

(&
2.2

cosA _ cosB _ cosC
b c

Ina A ABC, if

the triangle is

al b.2 (o

d V3

N

cosA _ cosB _cosC
a b c

cosA_  cosB_ cosC
ksnA ksinB ksnC

O cotA cotB cotC
0 A=B=C=60°
OA ABC isequilateral

0 Area= % X (2)2 =3 Sg. units

and the side a= 2, then area of
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5. Find the maximum and minimum values of 6 sinx cos X + 4Xcos2x.

Sol. We have 6 sinx cosx + 4 cos2x = 3 sin2x + 4 cos2x. Therefore,
the maximum and minimum values of 3 sin2x + 4 cos2x are

1l(32 +42) and —J(32 +42) ,i.e. 5and — 5 respectively.

6. If sin@ + cosecd = 2, then sin?8 + cosec?6 = isequal to
al b4 C.2 d. None of these
Sol. sn@+cosec 8=2 158+ cosed )= 4

0 sn8+ cosed+ 2 4
O sn8+ cosed= 2

7. If 3tan (B —15°) =tan (6 + 15°), 0 < B < 11 ,then find the value of §

Sol. 3tan(e —150) :tan(e+15°)

tan (6 +15° . -
0 ( ) 30 tan(6 +15°) +tan(6 -15°)

tan (e —1505 tan(8+15°) —tan(8 -15°)
_3+1D sin(6+15” +0-15") 5
3-1 sin(@+15° -0+15)
03P _onde= 1 De= “(ee<myp=
sin30° 2
acosA +bcosB +ccosC
8. Ina AABC, isequal to
atb+c
r R 2r R
a R b. " C. R d. o
2RsnAasA +2RdnBasB +2RdnCasC _ Sin2A +sin2B +sin2C
Sol. ZRSNA+2RSNB+2R4NC 2(SnA +sinB +sinC)
_ 4sinAsnBsinC A . B . C _r
=g A B cO = 4smEsmEsmE :E
2 Bﬁl COS— COS— CO0S—
2 2772
1 1 1
9. If r, 4, rp and r5 have their usual meanings, the value of " + o + o
is
1
ao b.1 C. T d. None of these
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Sol.

10.

Sol. (d)

11

Sol.

£+i+£:s—a+s—b LS5C _ 3-2_s _1
rl r2 r3 A A A A JA r

If two angles of a triangle are cot~12 and cot™13, then the third angle

is equa to
T Tt T 3n
a 6 b. Z C. 3 d. Z

Sum of two angles = cot12 + cot13

@0 OO
=t 50 + tant 0

. m_3m
=T-— =—
Third angle 12

A man at top of the 30y/3 m high tower sees a car moving towards

the tower at angle of depression of 30°. After some time the angle of
depression becomes 60°. Find the distance travelled by car in that
duration.

a 120 b. 90 c. 60 d. 30
30/3
60° 30°
X d
30V3 _ o 60e and 223 = tan 30°
X x+d
303 1

0O x 30 and 30+d ﬁ'l'e'
90=30+d,i.e.d=60m
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Permutation, Combination &

Definition

Each of the different orders of arrangements, obtained by taking some, or all, of
anumber of things, is called a Permutation. Each of the different groups, or
collections, that can be formed by taking some, or al, of a number of things,
irrespective of the order in which the things appear in the group, is called a
Combination.

Some Standard Propertiesand Results
1 The number of (linear) permutations that can be formed by taking r
things at atime from a set of n dissimilar things (r < n) is denoted by "P,

PO
or P(n, r) or :
P(n.n)or PR H

2. The number of permutations of n dissimilar things teken r at atimeis
equal to the number of ways of filling of r blank places arranged in a
row by n dissimilar things.

3. "P.=n(n-1)(n—2)..(n—r+1).

4, If nis a nonnegative integer, then factoria n is denoted by n! or n! and
defined as follows.
@i)or=1
(ii) If n>0thenn! =nx (n-1)!

5. If nis positive integer, then n! is the product of first n positive integers.
ie,nN=1.2.3...n

n!
6. np, = (n—r)!

7. The number of permutations of n dissimilar things taken all at atime

"P,=nl.
8 P, =0Dp 4+ (mDp_,
9. The number of permutations of n dissimilar things taken not more than r

at atime, when each things may occur at any humber of timesis

n-1
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10.

11.

12.

13.

14.

15.

16.

17.

18.

10.

20.

21.

22.

23.

The number of permutations of n things taken all at atime when p of

n!
them are all alike and the rest dl differentis —;

pt-
The number of circular permutations of n different thingstakenr at a

. "p
timeils —.
r

The number of circular permutations of n different things taken all at a
timeis(n-1)!.

The number of circular permutations of n things taken r at atimein one
n

) L. P
direction is —- .
2r

The number of circular permutations of n things taken all at atimein

1
onedirectionis > (n=1)!.

A selection that can be formed by taking some or all of afinite set of
things (or objects) is called a combination.

Formation of a combination by taking r elements from afinite set A
means picking up an r element subset of A.

The number of combinations of n dissimilar thingstaken r at atimeis
equal to the number of r element subsets of a set containing n elements.

The number of combinations of n dissimilar thingstaken r at atimeis

O O
denoted by "C, or C(n,r) or C.0 or 0.0
oQ o
n!
nc.= ——.
Tt (n-r)!
nC = "p._n(n-1)(n-2)...(n-r+1)
T 1.2.3...r '
nc, =NC,,

nCr + nCr—l - (n+1)cr

If "C, ="Cgthenr=sorr+s=n.
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24,

25.

26.

27.

28.

29.

31

32.

The number of diagonalsin aregular polygon of n sidesis

n(n—3).

nCz—n: >

The number of ways in which (m + n) things can be divided into two
(m+n)!
m! n!

different groups of m and n things respectively is

The number of ways in which 2n things can be divided into two equal

(2n)!

groups of nthingseach is ol (n!)z .

The number of ways in which kn things can be divided into k equal

(kn)!

groups of n things each is ki (n!)k

The total number of combinations of (p + q) things taken any number at
atime when p things are alike of one kind and q things are alike of
secondkindis(p+1) (q+ 1).

The total number of combinations of p + g things taken any number at a
time, includes the case in which nothing will be selected.

The total number of combinations of (p + ) things taken one or more at
atime when p things are alike of one kind and q things are alike of
secondkindis(p+1) (g+1) -1

The total number of combinations of n different things taken any
number at atimeis 2.

The total number of combinations of n different things taken one or
more at atimeis 2" — 1.

nCO + “Cl + nC2 + .. nCn =2n

Any change in the given order of the things is called a derangement. In
n things from an arrangement in a row, the number of ways in which they
can be deranged so that none of them occupies its original placeis

= 1 11 0.
n! BT 2| |. +(-)" Q‘L—H



Solved Example

1 Seven schools are participating in a Quiz competition. In how many
ways can the first three prizes be won?

Sol. Thetotal number of waysin which thefirst three prizes can be won is
the number of arrangements of seven different things taken 3 at atime.

S0, the required number of ways
7 7 7 _7x6x5x%x4]

=Ry = == =210
(7-3)! 4 4

2. In how many ways 5 boys and 3 girls can be seated in arow so that no
two girls are together?

Sol. The5 boys can be selected in arow, i.e. °Ps = 5! ways. In each of these
arrangements 6 places are created shown by the marks as given below:
B_B_B B_B_

Since no 2 girls have to sit together, so we may arrange 3 girlsin 6
places. This can be done in %P3 ways, i.e. 3 girls can be seated in ways.
Hence, the total number of sitting arrangements

:5P5 X 6]:’3 =5l x6 x5 x4 =14400

3 L et there be 10 boys and 6 girlsin a class and we have to select a group
of 6, if three particular boys never come and two particular girls are
always present. Here, we have to select agroup of 4 as 2 particular girls
are already included in the group, from remaining 11 students (7 boys
and 4 girls) which can be done in 11C, ways.

(@ The number of waysinwhich (m+ n) things can be divided into
two groups containing m and n things respectively = M *C,, =

m+n)!
(m! n!) =""Cm.
(b) If 2m things are to be divided into two groups, each containing m
(2m)!
things, the number of ways= W
(¢) The number of ways to divide n things into different groups, one
.- . . (p+g+r+...)!
containing p things, another g things and so on = p'ql—rl

wheren=p+q+r+...

(d) If someor al of nthings be taken at atime, then the number of
combinations="C; + "C, + ..+ "C, = 2" 1.

(6) Total number of combinations of n things, taking some or all at a
time, when p of them are dike of one kind, q of them are dike of
another kind and soonis[(p + 1)(g+ 1)(r + 1)...] - 1,
wheren=p+q+r+..

(f) Total number of ways to make a selection, by taking some or all of
p; + p, + ...+ p, things, where pl are alike of onekind, p, are alike
of second kind,..., pr are alike of rth kind isgiven by (p; + 1) (p, +
D..(p,+1 -1
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Sol.

Sol.

(g) If there are p; objects of one kind, p, objects of second kind,..., pn
objects of nth kind, then the number of ways of choosing r objects
out of these (py + p, + ...+ py) Objects

= Coefficients of x"in (L+Xx +... +x'01)(1+x2 +... +xp2)

@Fx2 4 +xPn) (i)
This problem can also be stated as:
Let there be n distinct objects X4,...X,... X1 can be used at the most p1

times, x, at the most p, times,..., X, a the most p,, times. Then the
number of ways to haver thingsis given by (i).

In how many ways can a pack of 52 cards be divided equally among
four playersin order?

Here 52 cards are to be divided into four equal groups and the order of
the groupsis important. So, the required number of ways.

0 521 * 521
O———0 = 7.
A13)* 413 (13)

Alternatemethod:

For the first player we have 92C,5 choices, for the second player 39C;5
choices, for the third player 26C,5 . Choices and for the last player we
have choices. Hence the total number of ways =

52!
T @t

52 39 26 13
Ciax 7C13 xTC3 xCy3

There are 6 letters and 6 directed envelopes. Find the number of waysin
which al letters are put in the wrong envelopes.

Number of ways= 6! a—l +i _1 +l _1 +ED
1 20 3 4 5 6H
6 6 6/ 6 6
—_— + —

—z‘a a g*‘a =360-120+30—-6+1=265.

PROBABILITY THEORY

Some Standard Propertiesand Results

1

The set of al possible outcomes (results) in atrial is called sample
space for the trial. It is denoted by S. The elements of S are called
samplepoints.

Let S be asample space of arandom experiment. Every subset of Sis
caled an event.

Two events A, B in asample space S are said to be digoint or mutually
exclusveif AnB=.



10.

11.

12.

13.

14.

15.

16.

TheeventsAq, A,, ..., Ay in asample space S are said to be mutually
exclusive or pairwisedisoint if every pair of theeventsAq, Ay, ..., Ay,
are digoint.

Two events A, B in asample space S are said to be exhaustive if
AOB=S.

Theevents A4, Ay, ... A, in asample space S are said to be exhaustive
if
AjOA,0..Ap=S.

Two events A, B in asample space S are said to be complementary if
AOB=SAnB=[].

Let A bean eventinasample space S. Anevent BinaSissaid to be
complement of A if A, B are complementary in S. The complement B of
Aisdenoted by A .

Let S be afinite sample space and P be a probability function of S. If A
isan event in Sthen P(A), theimage of A, is called probability of A.

If A isan event in asample space S, then PA =1-P(A).

Let A, B betwo eventsin asample space S. If A 0 B then P(A) < P(B).

Let S be a sample space containing n sample points. If Eisan

1
elementary eventin S, then P(E) = e

If A isan event in asample space S, then the ratio P(A) : P(ﬂ) iscalled
the odds favour to A and P(A) : P(A) is called the odds against to A.

Addition theorem on probability: If A, B aretwo eventsin asample
space S, then P(A 00 B) =P(A) +P(B)—P(A n B)

If A, B aretwo eventsin a sample space then the event of happening B
after the event A happening is called conditional event. It is denoted
by B|A.

If A, B aretwo eventsin asample space Sand P(A) # 0, then the
probability of B after the event A has occurred is called conditional
probability of B given A. It is denoted by P(B | A).
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17.

18.

19.

20.

21.

22.

If A, B aretwo eventsin a sample space S such that P(A) # O, then P(B |

_n(ANB)
SRRV

Multiplication theorem of probability: Let A, B betwo eventsin a
sample space S such that P(A) # 0, P(B) # 0. Then

(i) (A n B)=P(A)P(B|A)
(i) P(A n B)=P(B) P(A | B)

Two events A, B in asample space S are said to be independent if

PB|A)=P(B).

Two events A, B in a sample space S are independent iff

MA n B)=P(A) P(B).

If Aq, A, are two mutually exclusive and exhaustive events and E is
any event then P(E) = P(A1) P(E| A1) + P(A5) P(E | Ay)

If Ay, Ay, Az aretwo mutually exclusive and exhaustive events and E is
any event then P(E) = P(A;) P(E|A4) + P(A5) P(E|A,) + P(A3)
PE|A3).

Bayes Theorem
If an event A can occur in combination with one of the mutually exclusive
events B4, B, ... B, then

P(Bx |A)=

P(A 1B) P(By)

_ilp(A |B) P(8i)




Solved Examples

1 What is the probability of getting a multiple of 3 in athrow of asingle
die?

Sol. Total number of outcomesn =6
Total number of favourable cases m = 2 (occurrence of 3 and 6)

2 1
Required probability = — = E =3
2. From a pack of 52 cards, one card is drawn at random. What isthe

probability that its either an ace or spade?

Sol. Let A bethe event that the card drawn is an ace and B be the event that
the card drawn is a spade. We know that, number of acesin a pack of
52 cardsis 4.

4 1

i =40 PAF —= —
i.en(A)=40 P(A¥ 5 13
13 1
= O P - -
Alson(B)=B O P(B} = 2

Also, there is one card which is both an ace and a spade.

1 4 13 1 _16 _4

. _ ==t —=-==—==—
e nANB)=10PA B = =575 5 5 13

0 The probability of occurrence of either an ace or a spadeis . 13

3. In abolt factory — machines A, B and C manufacture respectively 25,
35 and 40% of the total. Out of their output 5, 4 and 2% are defective
bolts. A bolt is drawn from the produce and is found defective. What
are the probabilities that it was manufactured by A, B and C?

Sol. DefineeventsE, Aq, Ay, Agas
E: The bolt is defective
A4 = The bolt is produced by machine A
A, = The bolt is produced by machine B
Az = The bolt is produced by machine C
Then, P(A;) =0.25, P(A,) =0.35and P(A3) =0.4

e Qd OO O 0O
PG—0=005 Pp3—0=004, PG—=002
DAL [A20 [AsO

We are supposed to find Pﬁ_ﬁ B_H B_B
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Sol.

Now, using Bayes' theorem,

P(A,) PEEE
1 .
E*\iﬁ_ (A0
OE O 0 ED OE O
PG —0+P(A2). R0 +P(A3).PG—O
A1). oyt (A2) fyws (A3)
0.25x 0.05 25
~ (0.25% 0.05) +(0.35 x0.04) +(0.4 x0.02) ~ 69
pA20_28
Similarly, B—B-@
and pPRal _ PDA1D FﬁJH _25 28 _16
He H 69 69 69

If the probability that A fails in the examination is 0.25 and probability

that B fails in the examination is 0.5, then the probability that either A

or B failsin the examination is
1 3

aé b.g C.

| U
o
0ol ~

Let us define two events as
A: A fails, B: B falils, then we have to find probability of A or B i.e.

P(AOBy P(A¥ P(BY P(An B), Asfailing of A isindependent of
failing of B thus we have
1 11 2+4-1_5

P(AOBF P(A¥ P(By P(A).P(BF :11+



Median

The median is that value of the variable which divides the group in to two
equal parts. One part comprises al the values greater than and the other part
comprises all the values less than the median.

Calculation of Median
For individual observations

Step1l Arrange the observations X4, Xy, ..., X, in ascending or descending
order of magnitude.

Step2 Determine the total number of observations, say, n

h
. - on+1c} . .
Step3 If nisodd, then median is the value of BTH observation. If nis

" oo A

even, then median isthe AM of the values of ﬁga and BE +1H
observations.

For discretefrequency distribution.

Step1 Find the cumulative frequencies (c.f.)

N n
Step2 Find E,where N=3%f;
i=1

N
Step3  Seethe cumulative frequency (c.f.) just greater than B and determine
the corresponding value of the variable, which is the median.

For grouped or continuousfrequency distribution.
Step1 Obtain the frequency distribution.

Step2 Prepare the cumulative frequency column and obtain N = 2 f; Find
N

5
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N
Step3  See the cumulative frequency just greater than 2> and determine the

corresponding class. This class is known as the median class.

Step 4 Use the formula: Median = | +2V/2~FL

xh, where, L = lower limit
of the median class, fis frequency of the median class, h =width
(size) of the median class, F = cumulative frequency of the class
preceding the median class, N = X f;.

Note The mean deviation from the median for any distribution is minimum.

Quartiles

The values which divide the given data into four equal parts are known as
quartiles. Obviously, there will be three such points Qq, Q, and Q3 (such that
Q1 £ Q, < Qg) termed as three quartiles. Mathematically,

hON h BN
Q1-|+—§— HQZ Median, Qs—“f?é'L ﬁ

where | = Lower limit of the class containing Qq or Qg

f = Frequency of the class containing Q; or Qs

h = Magnitude of the class containing Q, or Qs

C = Cumulative frequency of class preceding the class containing Qq or Qs

Mode

Mode is the value which occurs most frequently in aset of observations.

The mode may or may not exist, and even if it does exist, it may not be unique.
A distribution having a uniqgue mode is called ‘unimodal’ and one having
more than one is caled ‘multimodal’.

Examples

Theset2,2,5,7,9,9,9, 10, 10, 11, 12, 18 has mode 9.

Theset 3,5, 8, 10, 12, 15, 16 has no mode.
Theset2,3,4,4,4,5,5,7,7, 7,9 hastwo modes, 4 and 7, and is called
bimodal.

Calculation of Mode

In case of frequency distribution, mode is the value of the variable
corresponding to the maximum frequency. In case of continuous frequency
distribution, the class corresponding to the maximum frequency is caled the
modal class and the value of mode is obtained as, Mode =

h(f; - fg)
(fL = fo) = (f2 = f)
¢ = Lower limit of modal class
h = Magnitude of the modal class, f,= frequency of the moda class

fo= Frequency of class preceding the modal class
fo= Frequency of class succeeding the modal class

| +

, Where



The above formula can be rephrased asMode =L + E—D C.

where L1 = Lower class boundary of the modal class (i.e. the class containing
the mode)

D1 = Excess of modal frequency over frequency of next lower class

D2 = Excess of modal frequency over frequency of next higher class

¢ = Size of the model classinterval.

Relationship Between Mean (M), Median (Md) and Mode(M ;)

In case of symmetrical distribution, Mean = Median = Mode

In case of a‘moderately’ asymmetrical distribution, Mode =3 Median —2
Mean

M easures of Dispersion

The various measures of dispersion are as follows

1. Range 2. Mean deviation
3. Standard deviation 4. Quartile deviation
5. 10 — 90 percentile range

Range

It is the difference between two extreme observations of a distribution. Let
Xmax e the greatest observation and Xy, the smallest observation of the
variable. Then, Range = X ac—Xmin-

M ean Deviation (MD)
If Xq, X5, X3... X,aren given observations, then the mean deviation (MD)
about A, is given by

1 1
MD = o X - Al:ﬁ Z |d; |, whered; = X; —A. Modulus removesthe

effects of negative deviations and therefore gives us the absolute value of the
deviation.
In case of frequency distribution, mean deviation about A is given by

1 1 —_— =
= Z fi|Xj — Al== Zfi|di[=]X - X]|
n n

Standard Deviation
If X3, X5, ... Xy istheset of N observations, then its standard deviation is given

1 —
by 0= \/N (X - X)? where X isthe AM aternative formula for

NS b (D (1 ey n S o s
standard deviations is O \/ N HN H_Jx - X
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The root mean square deviation about any point ais defined as S =

N
X - a)?

= , Where aisthe average

N

Variance
It is the square of the standard deviation.

1 —
Therefore, variance = 0° = N T (X; - X)?. Generally, & represents

sample variance and 02 represents population variance. Sample variance
means variance of a sample drawn out from a population.

Quartile Deviations. (QD) or Semi Inter-Quartile Range

Inter quartilerange= Q3 —~Q;; Quartile deviation (QD) = " ;Ql

(or Semi inter-quartile range) Quartile deviation is more commonly used as a
measure of dispersion than inter-quartile range.
Q3 +

For asymmetrical distribution, Q3 — mg =myg — Q U mg —

Coefficient of Variation : CV = %xloo

Note that the coefficient of variation is independent of the units used. For this
reason, it is useful in comparing distribution where the units may be different.

A disadvantage of the coefficient of variation is that it fails to be used when ¥
is close to zero.

Linear Programming Problem (L PP)

Given a set of m linear inequalities or equations in n variables, we wish to find
non-negative values of these variables which will satisfy these inequalities.
The inequalities or equations are called the constraints and the function to be
maximized or minimized is called the objective function, which can be of
maximization type or minimization type. The general form of linear
programming problem is maximize (or minimize),

Z=CyXq + CoXo + ... + CXpy - ()
Subject to

q1X1 + A oXo + ..+ n - Xn{S, =, 2} bl

1X1 + AoXo +..+ o - Xn{S, =, 2} bz (ll)
3miX1 *+ 8m2 X2t .. + @mn - Xp{ S, =, 2} by

and Xq, Xg, X3, ..., Xp 20 ... (iii)
where

@ X1, Xo, ..., X, are the variables whose values we wish to determine and
are called the decision variables,



(i) thelinear function z which is to be maximised or minimised is called
the obj ective function,

(iii) theinequalities or equationsin (ii) are called the constraints,

(iv) theset of inequalitiesin (iii) is known as the set of non-negativity
restrictions,

(V) theexpression (< ==) meansthat one and only one of thesigns< ==
holds for a particular constraint but the sign may vary from constraint to
constraint.

Solution
A set of values of the decision variables which satisfy the constraints of a
linear programming problem (LPP) is called a solution of the L PP.

Feasible solution

A solution of an LPP which also satisfies the non-negativity restrictions of the
problem is caled its feasible solution. The set of all feasible solutions of an
LPPis caled the feasible region.

Solved Examples

1. Calculate the median for the following distribution:
Class: 5-10 10-15 15-20 20-25 25-30 30-35 35-40 40-45
Frequency: 5 6 15 10 5 4 2 2

Sol. Cadlculation of median

Class Frequency Cumulative frequency
5-10 5 5

10-15 6 11

15-20 15 26

20-25 10 36

25-30 5 41

30-35 4 45

35-40 2 47

40-45 2 49

N =49

N 49
HereN =490 > = > = 24.5. The cumulative frequency just greater than

N

> is 26 and the corresponding class is 15-20. Thus 15-20 is the median class
such that

i=15,f=15F=11,h=5.

N

N_F
0 Mediax + Z—fx e 15 M‘i—slﬁ&l&%x&lg.s
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2. Table below shows a frequency distribution of the weekly wages of 65
employees. Find the quartiles Qq, Q, and Q3

Wages Number of employees
250.00 - 259.99 8
260.00 - 269.99 10
270.00 - 279.99 16
280.00 - 289.99 14
290.00 - 299.99 10
300.00 - 309.99 5
310.00 - 319.99 2
Total 65

N _65
Sol. Thefirst quartile Q, is wage obtained by counting 2 = ”y =16.25 of

the cases, beginning with the first (lowest) class. Since the first class
contains 8 cases, we must take 8.25 (from 16.25 — 8) of the 10 cases
from the second class. Using the method of linear interpolation, we have

8.25

Q) =259.995 + — - (10) = Rs. 268.25.
145

Q,=269.995 + — (10) = Rs. 279.06.
0.75

Q3=289.995 + —o- (10) = Rs. 290.75.

3. Find the mean, median, and mode for the sets
(@3,5,2,6,5,9,5,2,8 6ad
(b) 51.6, 48.7, 50.3, 49.5, 48.9

Sol. (@ Arrangedinanarray,thenumbersare?,2,3,5,5,5, 6, 6, 8 and 9.
Mean = 5.1; Median = Arithmetic mean of two middle numbers
1
= — + =9
> (6+9=5
Mode = Number most frequently occurring = 5.
(b) Arranged in an array, the numbers are 48.7, 48.9, 49.5, 50.3 and
51.6.
Mean = 49.8; Median = middle number = 49.5; Mode = non existent.

4. Compute the mode of the following distribution:
Class intervals:  0-7 7-14  14-21 21-28 28-35 35-42 42-49

Frequency : 19 25 36 72 51 43 28
f—f_ . 72-36 252

. Mode (Mg)=l+——"L xj=21+—= = x7 =21 +==
S e (Mo) =1+ —f,-f, 144 -36 -51 57

=21+4.42 =25.42



5.

Sol.

Sol.

Find the mean wage from the data given below.
Wage (AmountinRs) 800 820 860 900 920 980
1000

Number of workers 7 14 19 25 20 10
5

Let the assumed mean be A =900, h=20

Xi fi Xi—A Ui:(Xi—A)/h

fiui

800 7 -100 -5

-35

820 14 -80 -4

-56

860 19 -40 -2

-38

900 25 0 0

0

920 20 20 1

20

980 10 80 4

40

1000 5 100 5

25

Zfi =100 Zfi Ui =44

Here A =900, h=20.

01 & 0 0 440

X% O=-§N f ul2 — :
OMeas X A hHN ;f, u,H 906 205 T 891.2

Hence, mean wage = Rs. 891.2.
With the help of this method, calculation of multiplying two
inconvenient numbers is avoided.

>X? [IZXD2 2 52
Pr = ‘f— - =4 X° =X
(@ Provethat © N B—N H

(b) Usetheformulain part (a) to find the standard deviation of the set
12,6,7, 3,15, 10,18, 5.

X = X)?
(8 By definition, o = ¥ . Therefore,

Y. X2 (X2 -2xX +X%) S XXX +NX°
N N N
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NX2 _ZY¥+§2 =x2 -2x% +X° =x2 X* :ZXZ _5252

N HNH
— X2 _ X
(b) X2=%=114 andx=%=9.5.

Therefore, 0= |/114-90.25 =4.87 -

A manufacturer can produce two different products A and B during a
given time period. Each of these products requires four different
manufacturing operations: grinding, turning, assembly and testing. The
manufacturing requirements in hours per unit of product are given
below for A and B.

A B
Grinding 1 2
Turning 3 1
Assembly 6 3
Testing 5 4

The available capacities of these operations in hours for given time
period are: grinding 30; turning 60; assembly 200; testing 200. The
contribution to profit is Rs. 2 for each unit of A and Rs. 3 for each unit
of B. The firm can sell al that it produce at the prevailing market price.
Now answer the following questions.

i. Thekey decision to be made is to determine number of
a. hours required for grinding and turning products A and B
b. hours required for assembling and testing products A and B
¢. Both (@) and (b)
d. units of products A and B which will optimize the profits

ii. The objectiveisto
a. minimize the total hours required for grinding, turning, assembly
and testing
b. minimize the total cost of production
c. maximize the total profit
d. minimize the profit
If X1 and x, are the numbers of units of products A and B
respectively, which the company decided to produce, then

iii. The objective function (2) is
a 2xq + 2%y b. 2x1 + 3x, C.3X1+ 2%  d.Xg+ 2%

iv. The constraint for grinding is
a.X1+2X2S30 b.3X1+X226O
C. X1+2X2:3O d X1+ 2X2>30



Sal.

vi.

Vii.

viii.

vi.

Vii.

viii

The constraint for turning is
a 3xq +Xy,> 60 b. 3x, + X, =60

C.3X1+X2:0 d.3X1+XZS6O

The constraint for assembly is

a 6X1 + 3X2 =200 b. 6X1 + 3X2 > 200
C. 6Xy +6x,=0 d. 6xq + 3x, = 200
The constraint for testing is

a 5x; + 3x, < 200 b.5x; +3x,20

C. 5X; + 4x, = 200 d. 5x; + 4x, < 200
The non-negative restrictions are

ax;<0,x,20 b.x;20,x,20
C.Xo<0<X; d.x;<0,x,<0

The key decision to be made is to determine the number of units of
products A and B to be produced by the company. Hence, the
correct answer is(d).

The objective is to maximize the total profit. Hence, the correct
answer is(c).

iii. The objective function (2), i.e. the total profit the manufacturer gets

after selling the two products A and B, is given by Z = 2x; + 3x,.
Hence, the correct answer is (b).

In order to produce these two products A and B, the total number of
hours required at the grinding centre are x4 + 2x,. Since the
manufacturer does not have more that 30 hr available in grinding
centre, X4 + 2x, < 30. Hence, the correct answer is (a).

The total number of hours required at the turning centre is 3x; + Xo.
Since the manufacturer does not have more than 60 hr available in
turning centre, 3x; + X, < 60. Hence, the correct answer is (d).

The total number of hours required at the assembly centre is 6x, +
3x,. Since the manufacturer does not have more than 200 hr in the
assembly centre, 6x; + 3x, < 200. Hence, the correct answer is (d).
The total number of hours required at the testing centre is 5x; +
4x,. Since the manufacturer does not have more than 200 hr in the
testing centre, we must have 5x, + 4x, < 200. Hence, the correct
answer is(d).

Since it is not possible for the manufacturer to produce negative
number of the products, we must also have x4 = 0, X, = 0. Hence,
the correct answer is (b).
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Practice Exercise

1. If Z3+3iz2—3Z —i =0, thenfind thevaueof Z4+Z73+Z72+Z +.
al b. -1 c.i d -

2. The modulus of 2+ ibjs

a e b. ea*b c. e&b de.b
3. The complex number Z is represented by a point P on the line
3x + 4y = 12. Theleast value of |Z]is
12 b.0 o d =
a . ¢ 5
4, Find the number of solutions of the equation [Z —i| = |Z + ]
a?2 b. 1
c.4 d. Infinitely many
2
5 Gi DZM@HDl ib. Th b will b al
. iven mﬁ =a+ib. Thena+ b will beequal to
az b. zero c.3 d1l
b+c c+a a+b a b c
6. atb b+c c+a =k|c bl ,
c+a at+b b+c b c
then find the value of K.
al b. 2 c.3 d4
Xx+1l x+2 x+4
7. Thevaueof [X+3 XxX+5 Xx+8] s
Xx+7 x+10 x+14
a2 b. 2 C.x2+2 d. None of these

2 -10
8. The inverse of the matrix B 3 His

B 10 03 10 03 10 B’; _15
=0 05 50 05 50

20 o bo! 0 co’ ‘@ o0 O

i 20 0l 20 01 20 ot 20

F 78 H7 /B 87 78 B 7B
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10.

11

12.

13.

14.

15.

a0 20 S
IfA:% Z,'H,thenthevalueofade.|s

a El _:E b4 & ¢ 54 _ZB d. Does not exist
., [B SD

If the matrix %1 |sexprbleas(P+ Q), wherePissymmetricand Q
isskew—symmetric, then P=

=30 03 -20 —2|Z| o —SD
a%o b.%_z _1% c% dD3 OD
Find the coefficient of x’ in the expansion of (x — 2x?)3.
a. 67584 b. 72424 c. 56842 d. None of these

. .. . . e7x + e
Find the coefficient of x" in the expansion of vt
e

a 2(-1)n 2(2” +(-1")
n! n!

d. None of these

¢ 22" ()"
n:

Sumtheseries L 41%3,  1+3%5 5 1434547 5,
2! 3! 41
a (x + 2)¢ef b. (x —1)e* c. (x +1)e d. (x —2)e*
Sum the following series to infinity.
1+a 1+a+a® 1+a+a +a°
1+ + + +
2! 3! 4!
e?-e e?+e -1 e?-e
a b. c.— d.
2 a-1 a-1 a-1
2 2 52
Find the sum 3_+5_ +7— +..
1 3 5
a be b. 4e c. 6e d. None of these
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16.

17.

18.

19.

20.

21.

X +1|]2X+1

JLTQE+ZH -

ae b. e 2 c el d1
1 1
’ (cosx)2 - (cosx)3 _
x-0 sin?x
1 L1 2 1
a% 12 “3 "3

If f(x) = 3x10 — 7x8 + 5x6 — 21x3 + 3x2 — 7, then find the value of

f(1-h)-f(
lim —( ) ()iS
h-0 h3+3h
50 22
a 3 b. 3 c. 13 d. None of these

Find the value of constant a, b such that

2 0
lim §<—+1—ax—b =0
XoooHX+1 ﬁ

aa=b=0 b.a=1,b=-1 c.a=b=1 da=2b=-1
1, x is rationa
0= x is irrational e

a. f(x) iscontinuousin R ~ {1}

b. f(x) iscontinuousin R ~Q

c. f(x) is continuous in R but not differentiable in R
d. f(x) is neither continuous nor differentiable in R

Letf(x +y) =f(x) f(y) foral xandy. If f(5) = 2and f'(0) = 3, thenf'(5) is
equa to
ab b. 6

c.0 d3

If a(x*—y%) = V1-x8 +1-y® then j—i =

x3 l—y8
X y® V1-x
& Lox d. None of th
c. . None of these
y 1—y8



d
23. Iftan(x+y)+tan(x—-y) =1, then o

(x+y) sec®(x+y)
% (x-y) =e(x-y)

sec?(x +y) —sec?(x -y)
" (x+y) sec?(x +y) +sec?(x -y)

x-y  sec(x+y) +sec’(x -y)
(x+y) * sec?(x +y) -sec®(x -y)

C.

sec? (x +y) +sec? (x —y)
© 7 sac? (x+y) -3 (x )

gd 2 .0
_ 1+ -1
24. If y=tan lﬂ;m,theny‘(O):
x f
1 .
a > b.0 c.l d. Does not exist

25, If y=ae"+ be? +ce™ , which of the following istrue?
ayz—6y,+1ly;—-6y=0 b.y,—11ly; +6y =0
C.yz3+6y,—1ly; +6y =0 d. None of these

26. I(?x -2)\/3x +2 dx

5 3
a E(3x+2)2 —ﬂ(Sx +2)2 +c
15 9
14 > 40 3
b. = (3x+2)2 -—(3x +2)2 +c
45 27
14 3 40 3
C. —=(3x+2)2-—(3x+22 +c
15 27
5 3

d L (3x+2)2 -2 3x+2)2 +c
14 9
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27.

28.

29.

31.

32.

I dx
e +6e* +5
y €41 L 1o el
— - + -
a 4tan 2 c b. 4 & 15
lIog ¢ P
C. 4 & 1 d. None of these
d—X—Ktan'la\/ltan §D+C ' f the following i
If -[5+4cosx >H* G then which of the following is
true?
K=1 b K—Z M= dM= 2
aK= =3 cM= =3
_ ax? -4
The value of the integral I dx is
2 X4
a 32 b ﬁ c 32 d —ﬁ
32 32 "3 7
2 do

The vaue of the integral g 40020 +95n2 0

d. None of these

o)
NI |
=}

ol
o

"12

The coordinates of a point are (0, 1) and the ordinate of another point is
—3. If the distance between the two pointsis 5, then the abscissa of another
point is

a3 b. -3 c.t3 d1l

Find the coordinates of the point which divides, internally and externally,
the line joining (-1, 2) to (4, -5) intheratio 2 : 8.

2P o Ta s 050 o

8 13
C. Erégﬁ ﬁ) B d. None of these



35.

36.

37.

39.

Find the value of x4 if the distance between the points (x4, 2) and (3, 4)
be 8.

a3+2\15 b. 3+ 215 c.3-25 d. None of these

If A (2,2),B(—4,—4)and C(5,—8) arethevertices of any triangle, then the
length of median passing through C will be

a /65 b. V117 c. 85 d. 113
: : . oo Xy 1
If a, b, c are in harmonic progression, then straight line a +B +E =0

always passes through a fixed point, which is

a(-1-2 b.(-1,2) c.(1,-2) d. (1, —%)

The vectors ; and B are non-collinear. The value of p for which the
vectors ¢ =(p+1) a+2b and d =(2p-1) a-b arecollinear is

bl 3 d.-5
a ‘5 C. = .=

Wl

If the vectors | + Aj+3k, —2f +3] —4kand | -3] +5k are coplanar,
then thevalue of ) is

a-= b. -= c.3 d -2
2 3

If the vectors 2i —] -k, i +2] -3k and 3i +a] +5k are coplanar, then
the value of ais
al b.2 c.4 d. 4

LetS, T and U bethe middle pointsof the sides QR, RP, PQ respectively of
alPQR. Then ps+ QT +RU
a0 b. 2 C. 6 d. None of these

If non-zero vectors @ and b are perpendicular to each other, then the

solution of the equation ¥xz=p iSgiven by

at=xa+ D b. 7 =xb- 220
|a | |b |
c. F =x(axh) d. 7 =x(bxa)
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41.

42.

If the position vectors of three points P, Q and R are respectively i+ ] +k,

2i + 3] —4k and 7i + 4] +9k , then the unit vector perpendicular to the
plane of the APQR is

_, 31 + 28] +9k . 31 - 28] ok

/2405 2405
¢, 31 ~38j ~9k d. None of these

/2486
Match the following two listsgiventhat A+ B+ C= 1t

. . . . A . B.C
(A)sin2A +sin2B +sin2C I.1+4S|nzsn55m5
(B)snA+snB+snC Il.tanAtanBtanC
(C) cosA +cosB +cosC Ill.4sinAsnBsnC

A B C
(D)tanA +tanB +tanC V. 4COSE COSE COSE
aA-1V,B-Il,C-I,D-llI b. A-ll, B-1V, C-Il, D-ll
c.A-1,B-lll, C-IV,D-lI d. A-lll,B-l, C-1V, D-lI
Thevalue of sin 12° sin 48° sin 54° is
L b 1 L d.N f th

a '8 16 . None of these

If \/3c0sB+sin® =+/2, then the most general value of 8 is

s T T
nrt+(-1)— =) ——-=
a ( )4 b. nr+ (=1) 3
T T T T

N +— —— nm+(-1) — —
c. 13 d. (D7 3

If 3sinx + 4 cos x =5, then find the value of tan g

1 1 1 1
ag b. % .3 d. E
If tane:—% and Sin@:%, cose:—g, then the principal value of
0 will be
T 5 m T
as b. 6 C 5 d. i



47.

51.

52.

Which of the following can be a possible value of sin'lg + cos'lg
§n 1% b, sin 12X sn ' 4 Noneof th
a 6 . 65 C. 5 . None of these

If cot tx+tan13= g,then find the value of x

c.3 d. None of these

wlpEF
N

If aflag staff of 6 m high placed on the top of atower throws a shadow of

2./3 m along the ground, then the angle (in degrees) that the sun makes

with the ground is
a 60° b. 30° c. 45° d. None of these

A committee of 5isto be formed out of 6 gentlemen and 4 ladies. In how
many ways this can be done, when (i) at least two ladies are included, (ii)
at most two ladies are included?

a. 186 b. 164 C. 242 d. None of these

The principal wants to arrange 5 students on the platform such that the
boy 'SALIM" occupies the second position and the girl 'SITA' is always
adjacent to the girl 'RITA". How many such arrangements are possible?
al2 b. 16 c.8 d. 24

How many five-lettered words containing 3 vowels and 2 consonants can
be formed using the letters of the word 'EQUATION' so that the two
consonants occur together?

a 1684 b. 980 c. 1264 d. 1440

In the simultaneous tossing of two perfect coins, the probability of having
at least one head is

1
a— b.

> d1

NS
o
Mlow

The probability that at least one of the events A and B occursis 0.6. If A

and B occur simultaneoudly with probability 0.2, then find P(K) +P(B).
ala b.1.2 c.16 d. 18

Amit can solve 90% of the problems given in abook and Bhim can solve
70%. What is the probability that at least one of them will solve the
problem, selected at random from the book?

a 0.98 b. 0.95 c.0.96 d. 0.97
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56. Compute the median for the following data:

Mid-value: 115 125 135 145 155 165 175 185 195
Frequency : 6 25 48 72 116 60 38 22 3

a 153.8 b. 155.6 c. 1624 d. None of these

57.  If themedian of the following frequency distribution is 46, find the sum of
the missing frequencies:

Varigble: 10-20 20-30 30-40 40-50 50-60 60-70 70-80 Total
Frequency : 12 30 ? 65 ? 25 18 229

a 76 b. 79 c.74 d. 82

58.  Find the mean deviation of the heights of the 100 male students.

Height Number of
(inches) students
60-62 5
63-65 18
66-63 42
69-71 27
72-74 8
Total = 100
a 2.94 inch b. 2.26 inch C. 2.76 inch d. 2.48 inch

59. Find the standard deviation of the heights of the 100 male students as
given in above question 10.
a 2.64inch b. 2.48 inch c.2.84 d. 2.92 inch

60. The objective of a diet problem is to ascertain the quantities of certain
foods that should be eaten to meet certain nutritional requirements and
minimize cost. The consideration is limited to milk, beef and eggs and to
vitamins A, B, C. The number of milligrams of each of these vitamins
contained with a unit of each food is given below:

Litreof Dozen Minimum daily
Vitamin [milk kg of beef|eggs requirement
A 1 1 10 1mg
B 100 10 10 50 mg
Vitamin 10 100 10 10 mg
Cost Rs. 15 Rs. 75 Rs. 2

Formulate the problem as a linear programming problem.



Answer Key and Explanations

Higher Mathematics Formulae

l|la|2]|a|3f[d]|]4]|]d|5f[d]6]|b|7[]a]8]c|9fc]l]io]|Db
11| a|12| b |13 c |14 d |15| a |16 b |17 b |18| d [19]| b |20]| d
21| b |22 b [23] d | 24| a|25| a|26] c |27 b |28 b |29] d |30] c
31| c[32] a |33 a|34] c 3] c|36[b|37]d]|38[c|39]cf[40] a
41| c |42 b | 43| b |44 b [45]| c |46 b |47 b | 48] c |49| a |50]| a
51| c | 52| d [53] c|54]| b |55| d [56] a|57]| b |58| b [59]d
l.a Wehavez3+3iz2-32-i=0,ie (Z+i)%=0 a2
Therefore, Z = —i. Hence, the value of the =€ —el¥ —cosq +isina where g =2
expression etial2 6
Z4+728+272+Z+1=1+i-1-i+1=1
, . o+ 3 +ill -
2.a eé*ib=ecosh + i sinb). So the modulus of =cos(12a) +isin(12a
eaﬂb:::.( ) %T\/— 1@ s(12a) (120)
3.d  Let O be the origin. By problem, P is a point which = cos(2m) +isin27) =1 +i0 =1
represents Z. |Z| represents the distance OP. The Therefore, a+b=1+0=1
value of OP will be least, i.e. the vaue of |Z] will be .
least if OP becomes the perpendicular from O to the | 6- P Applying C; — C; + C; + Cg, we get
line
b b
3x + 4y = 12. The length of the perpendicular _ arbrc cra ath _ arbrc b
from O to the line 3x + 4y = 12 is A=2la+tb+c b+c c+a=2a+b+c a b
at+tb+c a+b b+c a+b+c -
(3.9 +(4.(0) ~12| _12
(9+16 _5. [C2—>C2—ClandC3—>C3—Cl]=
1 a b ¢
The least value of |Z]| will be 5 2lc a b
b c
4.d The given equation is |Z —i| = |Z + i]. [C; - Cq + Cy + C3 and taking out (-1)
On taking Z = x + iy, it becomes x2 + (y — 1)2 = x2 common from C, and Cj].
+(y + 1)2 Therefore, y2 -2y + 1 =y2 + 2y + 1,
(i.e) 4y =0, (i.e) y=0 .a Applying R, -Ry; — R; and Rz -~ Rz — Ry, we
The condition |Z —i| = |Z +i|=>y =0, and x any
value. Therefore, the equation will have many X+l x+2 x+4 Ix+1 1 3
solutions. get A=| 2 3 4 (=| 2 1 2
. 6 8 10 6 2 4
Alternative method:
Locus of z is the perpendicular bisector of the line [C; -C, —Cyand C3 -~C3 — Cy]
segment joining i and —i, i.e. real axis. v+l 1 1
L3, =2 1 0=-2 [C3 ~Cz-2C,.
2+\/§+i: 2 2 _1l+cosa tisina 6 20
5.d 2+~/3—i 1+£ i 1l+cosa—isina
2 2 A-lo 103 101031
¢ 6+if1 2 H-1 4

20052g+i 25ingoosg
— 2 2 2

2(:032 a
2

.. a _a
—2isin—cos—
2 2
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9.¢c

10.

11.

12.

o "H-F E

c dd O a
Remember: Adjoint of a 2x2 matrix can be
obtained by interchanging principal diagonal
elements and changing the signs of other two
elements.

o -5 3 100
poATA BA:DS EIATEI DD
2 B°H - Hs -

Suppose x’ occurs in (r + 1)th term. Let T, , 4
denote the (r + 1)th term in the expansion of

(x — 2x?)73, because (x — 2x?)=3 = (1 — 2x)3x3.
Therefore,

T exdEA B NBDABA D)

r!

%3 6_3)(_4)(_5)---(‘(" +2)) (—l)r oyl
r!
=x3 _1)r 335..(r+2 (_1)r o
r!
- (_1)2r 3M405..(r+2) 2rxr_3
r!

_12BMAG..(1+2) » -3
120!
| |
Z (42 pry -3 (T4 a3 )
2xr! r!

For this term to contain x’, we must have
r—-3=70 r=10.
Putting r = 10 in (i), we get

1 =22 297 =132 %29 xx”
10!

Hence, the coefficient of x” = 130 x29 =g7584 -

We have

7X X 0 )

e +e” _ ux (4x) ( 2x)
s - e z Z

°°(1)2”n

= Z X Z
n=0
Therefore, the coefficient of x" in

L (D72 _Fr_] {2+

&3 n! n!

e +e* 4"
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13. ¢

14. d

15. a

_1+3+5+..nterms -1
Th BT E— X

% 21+ (- 2x"Y 2 na

n! n!
nx (n 1)+1 -1
(n o (n-!
n-1 n-1
X X
or Tn = +
(n-2)! (n-1!

Putting n = 1, 2, 3, ... and adding column-wise,
the sum of the given series

) x™ 1 o0 n-1

Zl (n-2)! Z (n-1!

n

Ui xx2x3D

— to+—+ =+ 0,
_g—l)! o u 2 g

O 2 O O 2 O
T+ X+ X0, Oax X

+2 42+ [ +eX
g)! 1 21 5 1 2 @
=xe* + & =(x+1) ¢

Let T, is the nth term of the given series.

l1+a+a? +.. +a" 1

Then T, = .y

Iy S

,n=1 2 3 ..

0 n
oTeed B AR
n g-a l-ag (1-a) n! —a) nt
0 1 al

0 - |
Therefore, nZl Hl-an! (1-an'g

e-e? _ef-e

(1-a) Ta-1

-1 - @ -1) =
= Q- a)( kY a- a)( kY

2 2 2
Consider the series 3—+i L+_.., 0.
3 5

2
_(2n+)
Here tn = o0 1)1

_4n?+4n+1

_(2n-1)(2n -2) +10n 1
T @en-yr

(2n-1)!

1 ,10n-1 _ 1 52n-1)+4
“@n-3! @n-)! (2n-3! (2n-1)!




16. b

17. b

S S ST
(2n-3! = (2n-2)!  (2n-1)!
32 52 72

If S=— +.., %
1 3' 5'

then S = z th
n=1
©0
z (2n1—2)l+z1Z (2nl—1)I
n=1 : n=1 :

1
= nZl (2n-3)! >

_H it ot
RTINS 21 a4 H

2x+10

i B1 (x+2)m Hx+2
= I ﬂ H

DXl

XLWWH

Xﬁoo

R+1/x0d

10 (X+2)D +2/XB _2
x+ZH H

lim

X - 00

1 1
(cosx)2 —(cosx)3

1 1 1 _2
——(COsSX) 2.9NX +—(COSX) 3
L (cosx) 2.5+ (cosx) 3

2sinX cosx

1 L 2
—E(cosx) 2 +§(cosx) 3

2C0SX

o fa=h) ~f@
h3+3h
o fa-h) -f @ D -1 D
o -h Hh2ean

0 10_53

OFS

19. b

Lim

X — 00

20. d

21. b

22. b

23.d

Exi ax b@- Lim E(l—a)xz—(a+b)x +1—bg
B

For this limits to exist, degree of numerator must be
less than or equal to the degree of denominator.
Hence a = 1. So now the above limit reduces to

O (1-b)o

_ O-(1+b) +~—0

D_(1+b):_(1+1 bg= LimO——— X [
X

0 X*mﬁ 1+1 i
X

=(1+b)=0 O b=-1
Soa=1andb=-1

Lim
X -0 []

By definition of rational and irrational numbers.

£(5) = “m f(5+ h) fO) _ jim O D
h-0 h

=21im I =FO) _5¢v0) =23 =6
h-0 h

Asf(5 + 0) = 1(5) = £(5).£(0), i.e. 2 = 2§(0)
0 f(0) = 1.

Let x4 = sinA
y4 = sinB

a(sinA — sinB) = cosA + cosB

-BO _OA+B]

T e et o

. DA -BQO OA - A-B

0 asin CO! % a
2 E SH 2 C(% 2
A -B

2
A -B =2cotla
sin"Ix4 — sin“ly4 = 2 cotla
3

a25n

0 =cot!

dy _

_ 4
8 \/1_y8 dx

1-y°
1—x8

dx y3
tan(x +y) +tan(x —y) = 1
dyd -0

dyQd ]
SEc3(X + Y) @+d—§5+sec2(x -y) Hl e

O sec®(x +y) + sec?(x —y)

= (sec!(x ~y)

— sec?(x + y)

dy  sec’(x+y) +sec’(x -y)
X sec?(x —y) —sec?(x +y)
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24. a Putting, x =tan 9
N 2 _ _
We get, 1+x° -1 _ sec6-1
X tan 0
_ 1-cosb _ 0
- = tanf
sin® 2
-1 6g_6 _ 1. 4
=tan an—= — = =tan ~X
so. y=tan"Hanzi= 2 =
, 1
So, ¥ =
2(1+x )
1
(0)==
So, ¥'(0)=3
25. a (aex +8be?* +27ce3x) —6(an +4be +9ce3x)

+11(an +2be? +3<:e3x) —G(aex +be +ce3x) =0

Alternative solution:

This you will learn in the chapter of ‘differential
equations’, differential equation whose general
solution isy = ag* + be® + ce® is given by

(D - 1)(D - 2)(D - 3)y = 0 where D = d/dx.

26. ¢ %Jﬁ?» —gﬁxﬁx +2dx

7 60
= +2-2-2\3x +2 d
3I%x 7H X X

ZJ.ES)HZ_ZL% A3X +2 dx
3)0 70

3
gJ’(3x +2)2 dx —%J’xﬁx +2dx

5 3
= M x+22 - D ax+2)2 +c
25 27

27.b Letef=t

edx = dt
dt _ dt 1 lt3-2,

Iz ‘I 2 2 4'%
t2+6t+5 J(t+32-22 4 9tva+al”
1, |ef+1
—=log +c
4 7|g¥+5
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28. b

29. d

30. ¢

3l.c

32. a

33. a

Since the integrand is a rational function of cosx,

we put tanD(D=t- Then
put tan o

_ ax  _ 2dt
IS+4OOSX I 2 B 41-t3)0

5(1+1t2) +4(1—t2)

dx 2. gt -1t
=2 —tan 7+C— tan tan +C
It2+9 3 3 B H

Hence, K = 2 and M ==
ence, —3an =3

4x% -4 41 4
I:J' 74dx =J' -3 l——2 dx
2 X 2 X X

Putting, 1—i :tandﬁdx =dt, we get
X2 X3

163 ol 2geredt . \f 3
== tdt==x=
SIO V=g 12 “a

Dividing numerator and denominator by cos?8

2 2

sec“6do
_I4+9tan26
0

Let, tan 6 = t, dt = sec?6 dO

25=x2+160 x=%3.

Coordinates of point of internal division

_ O-1x8+4x2 2x8 +(-5) x20] DO 3
=H 1 ' 1 HH
Coordinates of point of externa division

2x4-8(-) 25 -820 18 130
=H 2-8 ' 2-8 O°H3 3

(xg —3)2 + (2 —4)2 = 64 or (x; — 3)? = 60

orx; = 3+ 2415



34.¢c

35. ¢

36. b

37.d

38.¢c

Mid-point of (2, 2) and (4, —4) is (-1, -1).
Length of median = /(5+1)2 + (-8 +1)2 =/85

Short cut: Use options. Only in option (c), putting
this in the given equation of line gives

12,1 0 o 14122 Gnich implies that & b
257 c oracb(W|C|mp|es a

and c are in HP).

- ¢ and d are collinear.

0¢ kd

O(p )a 25 kH2p 1)a b
OHp 3 k(2p 1B (2 K)B O
O@P+)-k@2p-1)=0,2+k=0
[+ ab are linearly independent]

gl

Hence, p =

Let x, y be two scalars such that
f+2j+3k :x(—zf +3] —4|2) +y(? 3] +5|2)
O i+Aj+3k =(2x +y)i +(3x -By)j + 4x 5y)k

0O -2x+y=1;3—-3y=Aand-4x +5y=3
Solving first and third equations, we get

N R

x= g andy=g

- The vectors are coplanar
0 1Q

DSE 8%@-—)\—2

Let x, y be two scalars such that
2iA—]+|2 :x(f +2] —3IA<) +y(3? +ai +5IA<)

O 4 k (¢ 3y)3- (2 ay)} £ 3% Sy)lz

02=x+3y; 1=2x+ay; 1=-3x+5y

0 Solving first and third, we get
11

“2Y72

0 Given vectors are coplanar.

X

0 1=2x L na=4
=]1=2X - +ax — =
2 Taxy -a

39.

40. a

41.

C

c

Let p,gandr be the position vectors of P, Q and R

respectively.
Therefore, position vectors of S, T and U are

g+r r+b __ p+q
g r,riandpizq respectively.

Since & b and axb are non-coplanar, therefore

F=xa+yb+z (éXB) for some scalars x, y and z.

Now, b=TxaOl b (x& yb z(a 5» a

or b=y (bxa)+z (am@) b (-ab=0)
Comparing the coefficients, we get y = 0,
1 1

éTé:‘éf

. Putting the values of y and z in (i),

we get T =Xé+<i2 (éXB) .

4
Short cut: Use options. Cross product of (a) with
3 yieds p.

Pb:(Zf +3]—4k) (i +] +k) =i +2] Sk

QR = (71 +4] —9Kk) —(2 +3] -4k) =51 +] -3k
o i

PQXQR = [1
5

k
_5
3

R, N =
=

=7 (26 +5) —j(13 +25) +k (1 -10)

=31 -38] -9k

The unit vector perpendicular to the plane of APQR
_ 31 -38] -9k

T 1POxQR| V(@)% +(-38)% +(-9)?

PQXQR _

_ 31i -38j -9
T Jus6
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42. b A) =sn2A +sn2B + sin2C 45. ¢ The given relation can be written

=2sin(A +B)cos(A -B) +2sinCcosC 30 2tan(x/2) val tan® (x/2) _
:25inC(cos(A—B)+cosC) 1+tan? (X/2) 1+tan? (x12)
=2§nc%cosm_ B+CDC0%A_B_CD[| 0 6tan g +4—4tan2% :5+5tar12%
H H 2 HH
0 9ta 6 ti +1=00 tan x_1
. ov .0 ﬁn 0o 2 _6tan > 572
=2sinCRcosf+- —Bicosi— — 2 2 2 3
Creos -feodlz 4
=4sinAsinBsinC = (iii) -1 0 1
B) = sinA + sinB + sinC 46.b 1EnB=—z=ten Creen
ODA+BO _[JA- C
-ZsmB—H SH—E +2sn& 5 %055 sno=1-gn e
2 H" sH
ocod _
_Zwsgﬁ[poﬁgﬁ +dn> D and (:059:—\2/§ =cos Drr-gﬁ
_ cm_ __A- A+B] 5m
'ZCOSEE%COS Feos— H Hence, principal value is 9=€-
A _B_C
=4C0S—C0S_COS— = (iv)
2 2 2 . 13 112 . 43 45
47.b SnTT2+cos = =tan TS +tan T —
C) =cosA + cosB + cosC 5 13 4 12
22002 B osA 7B 41 24n2E 03,50
2 2 10 p0_. 156 __ 156
:tan wm tan g—sm =
=1+26nCGosA "B _osA *BO El ZEES
2F 2 o
=1+4sinésinEsinE = T
23NN =0 48.c  We have 00t_1x+ta1_13=5
43. b sin 12° sin 48° sin 54 . cot_1x+tan_13=l2TDtm_l}+ tan~le %[
_ sin12° sin(60° ~12°) sin(60° +12°) cos36° X
h sin72°
. o o D 1 +3 B
_1sin36’ cos36 :}. 0 tan~t = tan 1DlD|:| 3X+1 -
4 sn722 8 El 3@ x-3 0
44. b ?oose +%sin9:§{dividing by (\/5)2 +12 =2} Alternative method: As we know that

-1 -1 _T .
tan” ~ X +cot X_E' therefore for the given

0 sin %+ED=i :sinEIE
sH vz 0 H4 question, x should be 3.

M= n+ £ )" 1
(—)4 3
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49. a

50. a

5l.c

/)8 /)

Bovam A xm

Let OA and AB be the shadows of tower OP
and flagstaff PQ respectively on the grounds.
Suppose the sun makes an angle @ with the

ground. Let OA = x.
In triangles OAP and OBQ, we have

h h+6
tan@=— and tanB =
X X +243
ol h*6.5 o & ex= x M.
X x+243 NE

Therefore, tan0=" 0 tefi = JEB= 60",
X

A committee of 5 persons, consisting of at least

two ladies, can be formed in the following ways:

I. Selecting 2 ladies out of 4 and 3 gentlemen out

of 6. This can be done in4C, x 6C; ways.

I1. Selecting 3 ladies out of 4 and 2 gentlemen out
of 6. This can be done in “C3 x 5C, ways.

. Selecting 4 ladies out of 4 and 1 gentlemen out
of 6. This can be done in “C, X ® C; ways.
Since, the committee is formed in each case,
therefore, by the fundamental principle of
addition, the total number of ways of forming
the committee

= 4C2>< 6C3+ 4C3X 602 + 4C4 X GC]_

=120+60 +6 =186

Since SALIM occupies the second position and the
two girls RITA and SITA are always adjacent to
each other. So, none of these two girls can occupy
the first seat. Thus, first seat can be occupied by any
one of the remaining two students in 2 ways.
Second seat can be occupied by SALIM in only one
way. Now, in the remaining three seats SITA and
RITA can be seated in the following four ways:

| 1 11 v \'
1. X SALIM SITA RITA X
2. X SALIM RITA SITA X
3. X SALIM X SITA RITA
4. X SALIM X RITA SITA

Now, only one seat is left which can be occupied by
the 5th student in one way. Hence, the number of
required type of arrangements =2 x 4 x 1 = 8.

52. d

53. ¢

55. d

There are 5 vowels and 3 consonants in the word
'EQUATION'. Three vowels out of 5 and 2
consonants out of 3 can be chosen in 5C5 x 3C,
ways. So, there are 5C5 x 3C, groups each
containing 3 consonants and two vowels. Now,
each group contains 5 letters which are to be
arranged in such a way that 2 consonants occur
together. Considering 2 consonants as one letter, we
have 4 letters which can be arranged in 4! ways.
But, two consonants can be put together in 2! ways.
Therefore, 5 letters in each group can be arranged
in 4! x 2! ways. Hence, the required number of

words = (3C3 x 3C, ) x 4! x 2! = 1440.

The sample space s can be written

S ={HH, TT, HT, TH}

If E is the event corresponding to occurrence of at
least one head, then
n(E) =3

and n(S) = 4

(HH, HT, TH)

0 P(EF %

We have P (at least one of the events A and B
occurs) is 0.6, i.e. P(A 0 B) = 0.6 and

P(A and B occur simultaneously) = 0.2, i.e.
P(A n B) =0.2.

Now, P(A O B) = P(A) + P(B)
O 0.6 = P(A) + P(B) —
006=1-P(p)+1-P(B)-02
006=2-02-[P(a)+P(B)]

0 06=18-[P(A)+ P(B)]
OPA)+P(B)=18-06=12

- P(A n B)

Let E and F be the events defined as follows:
E = Amit solves the problem, F = Bhim solves the
problem. Clearly, E and F are independent events

9 _9
such that P(E) = 100 E and P(F)

_n_z
T 100 10°
=PEOF) =1-Pg) (F)[AsEand F are
independent events]

a DQDED o7/ _. 0

ol Thgh g A g o

Now the required probability
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56. a

Here we are given the mid-values. So we should
first find the upper and lower limits of various
classes.

The difference between two consecutive values is

h =125 - 115 = 10.

So the lower limit of a class = mid-value — g , and

- . h
upper limit = Mid-value + 5
Mid- Class Frequency Cumulative
value groups frequency
115 110-120 6 6
125 120-130 25 31
135 130-140 48 79
145  140-150 72 151
155 150-160 116 267
165 160-170 60 327
175 170-180 38 365
185 180-190 22 387
195 190-200 3 390

N = f; = 390

We have N = 390.

g N_30_ .
27 2 7

The cumulative frequency just greater than

N
5 = 195 is 267 and the corresponding class is

150 - 160.

So 150-160 is the median class.

0 1=150,f =116, h =10, F = 151
O Median =|+2f xh

0 Median =150 4+192-151
11

x10 =153.8

57.

59.

60.

.b

Let the frequency of the class 30-40 is f; and that
of 50-60 is f,. The total frequency is 229.
012+30+f; +65+f,+25+ 18 =229
O f+f,=79
Median = 46
Clearly, 46 lies in the class 40-50.
So 40-50 is the median class.
O1=40,h=10,f=65and
F:12+30+f1:42+fl,
N = 229.

Dk
Now median=1+ 2f xh O 46

2%9 ~(42+1y)

65
0 fy = 34 (approximately)
Since fq + f, = 79, then f, = 45.
Hence, f; = 34 and f, = 45.
Required sum = f; + f, = 79.

=40+ x10

For the given data, X = 67.45 in.

226.50
100

=226 in

fIX-X
Therefore, MD = z IN |=

X = 6745 in.

Y\2
f(X=-X
Therefore, ¢ = % =4/85275=2.92 in.

Let the daily diet consist of x litres of milk, x, kg of
beef and x3 dozen of eggs.
[J Total cost per day is Rs. z = 15x; + 75X, + 20x3
Total amount of vitamin A in the daily diet is
X1 + X2 + 10X3 mg
which should be at least equal to 1 mg.
D X1+X2+10X3 21
Similarly, total amount of vitamins B and C is the
daily diet
100x4 + 10x, + 10x3 > 50
and 10X1 + 100X2 + 10X3 > 10
Hence, the linear programming formulation to this
diet problem is as follows:
Find x4, X5, X3 which minimize z = 15x; + 75x, +
20X3
subject to X1 + X5 + 10x3> 1
100X1 + 10X2 + 10X32 50
10x; + 100x, = 10xg> 10
and X1, X9, X3 = 0

94 | Higher Mathematics Booklet



