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P1775 [Total No. of Pages : 3
SEAT No. :

Q1) a) Define the following: [6]

i) Derivative of a scalar field.

ii) Directional derivative of a scalar field.

Explain and illustrate by an example the difference of the above two
definitions.

b) Give an example to show a function of two variables that is continuous
in each variable separately but it is discontinuous as a function of two
variables together. [5]

c) Let S be an open subset of n . If :f S    is linear prove that the
derivative of f with respect to y  is equal to the value of the function
at y . [5]

Q2) a) Let scalar field f is differentiable at a  with total derivative Ta . Prove that the
derivative ( ; )f a y  exists for every y  in n  and  Ta ( y ) = ( ; )f a y . Also show
that ( ; )f a y  is a linear combination of the components of y . [6]

b) State and prove Mean Value theorem for derivatives of scalar field. [5]

c) Evaluate the directional derivative of f (x, y, z) = 3x – 5y + 2z at (2, 2, 1)
in the direction of the outward normal to the sphere x2 +y2 +z2 = 9. [5]

P.T.O.
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Q3) a) Define the line integral of a vector field. State and prove the additive
property with respect to the path of integration.  [6]

b) Let f  be a two dimensional vector field given by [5]
3( , ) ( )f x y y i x y j     for all (x, y) with y > 0.

Calculate the line integral of  f  from (0, 0) to (1, 1) along each of the
following paths.
i) the line with parametric equations , , 0 1x t y t t    .

ii) the path with parametric equations 2 3, , 0 1x t y t t    .
Show that the integral from one point to another may depend on the path
joining the two points.

c) Compute the mass M of one coil of a spring having the shape of the
helix whose vector equation is ( ) cos sint a t i a t j bt k     if the density
at (x, y, z) is (x2 + y2 + z2). [5]

Q4) a) State and prove the first fundamental theorem for line integrals. [6]
b) Determine whether or not the vector field

4 2 3 2 2 2( , , ) 3 4 3f x y z y z i x z j x y k    is a gradient on any open subset of
3 . [5]

c) Find the amount of work done by the force 2 2( , ) ( ) 2f x y x y i xy j  
in moving a particle (in a counter clockwise direction) once around
the square bounded by the co-ordinate axes and the lines x = a
and y = a, a > 0. [5]

Q5) a) Define the double integral of a step function on a rectangle. Let s and t
are step function defined on a non degenerate rectangle Q. If

( , ) ( , )s x y t x y  for every ( , )x y Q  then prove that [6]

( , ) ( , )
Q Q

s x y dxdy t x y dxdy 

Also prove that if ( , ) 0t x y   for every ( , )x y Q  then ( , ) 0
Q

t x y dxdy  .

b) By Green’s theorem express the area of the region as line integral. [5]

c) Evaluate 2

C

y dx xdy  when C is the square with vertices (0, 0), (2, 0),

(2, 2), (0, 2). [5]
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Q6) a) State only the transformation formula for n-fold integral and explain the
terms invalved in it. [6]

b) Evaluate 2 3

S

xy z dx dy dz  where S is the solid bounded by the surface

z = xy and planes y = x, x = 1 and z = 0. [5]

c) Evaluate 
y x

y x

S

e dx dy

  where S is the triangle bounded by the line x + y = 2

and the two co-ordinate axes. [5]

Q7) a) Define the fundamental vector product show that the fundamental vector
product is normal to the surface. [6]

b) Compute the area of  the region cut from the plane x + y + z = a by the
cylinder 2 2 2x y a  . [5]

c) Let S be a parametric surface whose vector representation is

( , ) ( ) ( ) (1 2 )r u v u v i u v j u k     

Find the fundamental vector product and the unit normal to the surface.[5]

Q8) a) State and prove Stoke’s theorem. [8]

b) Transform the surface integral (curl F)
S

n ds  to a line integral by the

Stoke’s theorem where 2F( , , )x y z y i xy j xz k    where S is the
hemisphere 2 2 2 1 0x y z z     and n  is the unit normal with nonnegative
z-component. Evaluate the line integral. [6]

c) Determine the Jacobian matrix and also compute the divergence of
2 2 2( , , ) ( ) ( ) ( )F x y z x yz i y xz j z xy k      . [2]

E E EE E EE E EE E EE E E



Total No. of Questions :8]

[5321]-13

M.A/M.Sc.

MATHEMATICS

MT-503 :Linear Algebra

(2008 Pattern) (Semester - I)

Time : 3 Hours]  [Max. Marks : 80

Instructions to the candidates:

1) Solve any five questions out of eight questions.

2) Figures to he right indicate full marks.

P 1776 [Total No. of Pages :3

SEAT No :

Q1) a) Let V and V' be finite dimensional vector spaces over K of dimensions
n and m respectively. Prove that dim L (V, V') = nm. [6]

b) Let V be a finite dimensional vector space over K and let W be a subspace
of V. Prove that dimV = dimW + dimV/W. [6]

c) Let I = (–a, a), a > 0 be an open interval in R and let V = RI,  the space

of all real valued functions defined on I. Show that V = V
e
 ⊕  V

0
, where

V
e
 is the set of all even functions on I and V0 is the set of all odd function

on I. [4]

Q2) a) Let B be an ordered basis of an n-dimensional vector space V over K. If
T is a linear operator on V, then prove that T is a bijecction if and only if
[T]

B
 is an invertible matrix. [6]

b) Let V
1
, V

2
,....,V

m
 be vector spaces over a field K. prove that

V = V1 ⊕ V2 ⊕ ... ⊕ V
m
 is finite dimensional if and only if each V

i
 is

finite dimentional. also prove that dim V
1
 ⊕  V

2
 ⊕ ... ⊕  V

m
 = dimV

1
 +

dim V
2
 + ... + dimV

m
. [6]

c) Consider the vector space R
3
[x] of polynomials with real coefficients

and of degree at most 3. The differential operator D is a linear operator
on R

3
[x]. Write the matrix representation of D with respect to

B
1
 = {1 + x, x + x2, x2 + x3, x + x3}. [4]

P.T.O.
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Q3) a) Let A∈ Kn×n. The left multiplication by A defines a linear operator

A :λ →n×m n×mK K  such that λ
A
(B) = AB. Prove that ∝  is an eigen value

of λ
A
 if and only if ∝  is an eigen value of A. [6]

b) Prove that linearly independent subset of finite dimensional vector space
can be extended to form a basis of vector space. [6]

c) Let V be a finite dimensional vector space over K and let X and Y be
subspace of V. show that (X + Y)o = Xo + Yo, where So is annihilator of
S. [4]

Q4) a) State and prove the primary decomposition theorem. [10]

b) Prove that the geometric multiplicity of an eigenvalue of a linear operator
can not exceed its algebraic multiplicity. [6]

Q5) a) Prove that two triangulable n × n matrices are similar if and only if they
have the same Jordon canonical form. [6]

b) Find the Jordan form for the matrix 

1 0 1 1

0 1 0 1
A

0 0 1 0

0 0 0 1

 
 
 =
 
 
 

[6]

c) State Cayley - Hamilton theorem and illustrate by an example. [4]

Q6) a) Give all possible rational canonical forms it the characteristic polynomial
is :

i) (x2 + 2) (x - 3)2;

ii) (x -1)2 (x + 1)2. [6]

b) Prove that a jordan chain consists of linearly independent vectors. [6]

c) The characteristic polynomial of matrix (x – 1)3 (x – 2)2. Write its Jordon
Canonical forms. [4]
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Q7) a) Let V and W be finite dimensional inner product spaces over F and Let
T ∈ L (V, W). Show that

i) KerT T and T KerT* = (im ) im * ( )⊥ ⊥=

ii) V KerT T and W T KerT= im * = im *⊕ ⊕ [6]

b) Prove that the eigenvalues of a unitary operator have absolute value 1. [5]

c) Let 

1 0 2

A 0 1 0

0 0 0

 
 =  
  

. Find a polar decomposition of A. [5]

Q8) a) Let V be a vector space over K and let f,g be Linear form on V. Prove
that the mapping ( ) ( ) ( )x + y = f x g yφ  is a bilinear form on V. [8]

b) State and prove Schur’s theorem. [6]

c) Find the eigenvalue of the matrix  

1 2 3 4

0 2 1 1
A

0 0 3 2

0 0 0 4

 
 
 =
 
 
 

. [2]

 
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Q1) a) State  and prove the chinese Remainder Theorem. [6]
b) Find values of x and y that satisfy 423 x + 198 y = g. [6]
c) Prove that if r is a quadratic residue modulo m > 2 then.

( )/2 1mrφ ≡ (mod m) [4]

Q2) a) If Q is odd and Q > o then prove that

Q 1

2
1

( 1)
Q

−−  = − 
 

 and  

2Q 1

8
2

( 1)
Q

−  = − 
 

[6]

b) Decide whether x2 ≡  150 (mod 100g) is solvable or not. Justify. [6]
c) Find all quadratic residues of prime number 7. [4]

Q3) a) Let f(n) be a multiplicative function and let ( )
/

( ) =
d n

f n f d . Then prove

that f(n) is multiplicative. [6]
b) Prove that for every positive integer n

( )
/

( )( ) ( 1)
d n

w nd d dμ = − [6]

c) Find the minimal polynomial of 
31 7

2

+
[4]

P.T.O.
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Q4) a) If p is a prime number and  P ≡ 1 (mod 4) then prove that there exist
positive integers a and b such that a2 + b2 =P. [6]

b) If 100! were written out in the ordinary decimal notation without the
factorial sign, how many zeroes would there be in a row at the right end?

[5]

c) If the norm of an integer  α in ( )Q m  is ±  p where p is a rational prime

then prove that α is a prime. [5]

Q5) a) Prove that product of two primitive polynomials is primitive. [6]
b) Show that 1387 is a pseudoprime. [5]
c) What are the last two digits in the ordinary decimal representation of

3400.. [5]

Q6) a) If a monic polynomials f(x) with integral coefficients factors into two
monic polynomials with rational coefficients say f(x) = g(x) h (x) then
prove that g(x) and h(x) have integral coefficients. [6]

b) Find all solutions of equation 999 x – 49 y =5000. [5]

c) Is ( )mφ  unique factorization domain for every integer m ? Justify your

answer. [5]

Q7) a) Let m be a negative square-free rational integer. Prove that the field ( )mφ

has units ± 1 and these are the only units except in the cases m = –1 and

m = –3. The units for φ(i) are ± 1 and ±  i. The units for ( )3φ −

are ± 1,
1 3 1 3

,
2 2

± − − ± −
[8]

b) For which primes p do there exist integers x and y with (x, p) =1(y, p)=1,

such that x2 + y2 ≡  0 (mod p)? [5]

c) If a is a quadratic nonresidue of each of the odd primes p and q , is
x2 ≡ a (modpq) solvable? [3]
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Q8) a) State and prove wilson’s Theorem. [6]

b) Prove that 
/ /d n d n

n
d

d
=  [5]

c) Find the value of 
2

11
 
 
 

  where 
2

11
 
 
 

 denote Legendre symbol. [5]


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Q1) a) Let S be a connected n-surface in Rn+1. Show that on S, there exists
exactly two smooth unit normal vector fields N

1
 and N

2
. [6]

b) Find the velocity, acceleration and speed of the curve α(t) = (cost, sint).
[5]

c) Show that the 1-form η on R2 – {0} defined by [5]

2 1
1 22 2 2 2

1 2 1 2

x x
dx dx

x x x x
η −= +

+ +
 is not exact.

Q2) a) Let S be an n-surface in Rn+1, let α : I →  S be a parameterized curve in

S, let 0 It ∈  and ( )0
S tv α∈ . Prove that there exists a unique vector field V

tangent to S along ∝ , which is parallel and has V(t
0
) = v. [6]

b) Show that the Weingarten map of the n-sphere of radius r oriented by

inward normal is multiplication by 
1

r
. [4]

c) Consider a vector field X(x1, x2) = (x1, x2, 1, 0) on R2. For t ∈ R and
p ∈ R2, let φ

t
(p) = α

p
(t) where ∝  is the maximal integral curve of X

through p. Show that F(t) = φ
t
 is a homomorphism of additive group of

real numbers into the invertible linear maps of the plane. [6]

P.T.O.
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Q3) a) Show that the covariant differentiation has the following property :

( )X.Y X .Y +X.Y′ ′ ′= . [5]

b) Let a, b, c, d ∈ R be such that ac – b2 > 0. Show that the maximum and

minimum values of the function ( ) 2 2
1 2 1 1 2 2, 2g x x ax bx x cx= + +  on the unit

circle 2 2
1 2 1x x+ =  are eigen values of the matrix 

a b

b c

 
 
 

. [6]

c) Find the integral curve of the vector field X given by [5]

X(x1, x2) = (x1, x2, – x2, x1) through the point (1, 0).

Q4) a) Let U be an open subset of Rn+1 and f : U →  R be a smooth function.
Let S = f –1(c), c ∈ R and ( ) 0f q∇ ≠ , Sq∀ ∈ . If g : U →  R is smooth
function and p ∈ S is an extreme point of g on S, then show that there

exists a real number λ such that ( ) ( )g p f pλ∇ = ∇ . [6]

b) Let S denote the cylinder 2 2 2
1 2x x r+ =  of radius r in R3. Show that α is a

geodesic of S if and only if α is of the form

α(t) = (rcos(at + b), rsin(at + b), ct + d) for some real numbers a, b,
c, d. [6]

c) Sketch the following vector fields on R2 : X(p) = (p, X(p)) where [4]

i) X(p) = –p.

ii) X(x
1
, x

2
) = (–x

2
, x

1
).

Q5) a) Show that the Weingarten map L
p
 is self-adjoint.

(that is L
p
(v).w = v.L

p
(w), for all v, w ∈ S

p
). [6]

b) If an n-surface S contains a straight line segment, then show that it is
geodesic in S. [5]

c) Show that the graph of any smooth function f : Rn →  R is an n-surface
in Rn+1. [5]
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Q6) a) Prove that on each compact oriented n-surface S in Rn+1 there exists a
point p such that the second fundamental form at p is definite. [6]

b) Find the curvature of the circle with center (a, b) and radius r oriented
by the outward normal. [5]

c) Let α(t) = (x(t), y(t)) be a local parameterization of the oriented plane

curve C. Show that 

( )
3

2 2 2

o =
x y y x

k

x y

α ′ ′′ ′ ′′−

′ ′+
. [5]

Q7) a) Let S be an n-surface in Rn+1 and let p ∈ S. Prove that there exists an
open set V about p in Rn+1 and a parameterized n-surface φ : U →  Rn+1

such that φ is one to one map from U onto V S∩ . [8]

b) Show that the speed of geodesic is constant. [8]

Q8) a) Let S be the ellipsoid 
2 2 2
1 2 3
2 2 2

1
x x x

a b c
+ + = , a, b, c all non-zero, oriented by

the outward normal. Show that the Gaussian curvature of S is

( ) 22 2 2
2 2 2 1 2 3

4 4 4

1
K p

x x x
a b c

a b c

=
 

+ + 
 

. [8]

b) Let C be a connected oriented plane curve and let β : I →  C be a unit
speed global parameterization of C. Show that β is either one to one or
periodic. [8]


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Q1) a) Prove that in a group there exists unique identity element. Further prove
that for every element there exists unique inverse in that group. [5]

b) Define the center of a group. Prove that the center of a group G is a
subgroup of G. [5]

c) Prove that any cyclic group is isomorphic to either 
n  (for some n∈ )

or  . Also find all the generators of 33 . [6]

Q2) a) Prove that ( , ) and ( , )+ +  are not isomorphic. Also, prove that group
of quaternions Q

8
 is not isomorphic to the dihedral group D

4
 with 8

elements. [5]

b) Give examples of two non isomorphic groups of order 6 with justification.
[5]

c) Find 6Aut( ) , the group of automorphisms of 6 . [6]

P.T.O.
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Q3) a) Let p be a prime integer and let G be a group such |G| = p2. Prove that G
is abelian. [5]

b) Prove that every subgroup of a cyclic group is cyclic. Moreover prove

that, if a n< > = , then the order of any subgroup of < a > is a divisor of

n; and, for each positive divisor k of n, the group < a > has exactly one
subgroup of order k. [5]

c) Let G be a finite group and p be a prime. If pk divides |G|, then prove that
G has atleast one subgroup of order pk. [6]

Q4) a) Find the inverse and the order of each of the following permutation in S
15

.[5]

i) (12 14 9) (1 3 10) (4 6 5 2)

ii) (2 1 3 15 14) (7 12 6) (5 8 9).

b) Prove that set of even permutations A
n
 forms a subgroup of S

n
. Also

prove that for n > 1, A
n
 has order n!/2. [5]

c) State and prove the Lagrange’s theorem for finite groups. Is the converse
of the theorem true? Justify. [6]

Q5) a) Let G be a finite group of permutations of a set S. Then prove that for

any i from S, G G( ) ( )orb i stab i= . [5]

b) Find the inverse of the element ( )13

1 6
A GL 2,

3 2
in

 =  
 

 . [5]

c) If τ = (5 7 9 4) (6 10), ρ = (7 4 3 6 5 1) (8 2 9) 10S∈ . Then find 1τ ρτ−

and 1ρ τρ− . [6]

Q6) a) Find Inn(D4). [5]

b) Determine all the homomorphisms from 30 40to  . [5]

c) Find all the non isomorphic abelian groups of order 5400. [6]
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Q7) a) Prove that every permutation of a finite set can be written as a cycle or a
product of disjoint cycles. [5]

b) If |G| is a group of order pq where p and q are primes, p < q and p does
not divide q – 1, then prove that G is cyclic. [5]

c) Let G be a finite group and let p be a prime. Then prove that the number
of Sylow p - subgroups of G is equal to 1 modulo p and divides |G|.
Also prove that, any two Sylow p subgroups of G are conjugate. [6]

Q8) a) Define the index of a subgroup of a group G. Prove that a subgroup of
G with index 2 is normal in G. [5]

b) Prove that every group of order 16 has non trivial center. Justify your
answer. [5]

c) Prove that the group of order 200 is not simple. [6]


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��� �� &��	�����'��	 ����������#��	�������
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��
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dz
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��� �� $���������
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�� $ 
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������	��)� ���
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x
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x
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Q1) a) Eliminate the arbitrary function F from the equation
2 2 2( , ) 0F x y z x y z      and find the corresponding partial differential

 equation. [6]

b) Find the general solution of  ( ) ( ) ( )x y z p y z x q z x y     . [5]

c) Explain the method of solving the following first order partial differential
equation. [5]

i) ( , , ) 0f z p q 

ii) ( , ) ( , )g x p h y q

Q2) a) Find the general solution of: [6]

2 2 2 2 2 2( ) ( ) ( ) 0y yz z dx z xz x dy y xy x dz         .

b) Show that the equations 2 2 1 0p q   and 2 2( ) 0p q x pz   are
compatible. Also find their common solution. [6]

c) Find the general integral of 2 ( 2 )y p xyq x z y   . [4]

P.T.O.
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Q3) a) Prove that the pfaffian differential equaiton.  [6]

. ( , , ) ( , , ) ( , , ) 0X dr P x y z dx Q x y z dy R x y z dz     is integrable if and only if
X. curlX=0.

b) Find the complete integral of 2 2p x q y z   by Charpit’s method. [6]

c) Find the integral of pfaffian differential equation: [4]

( ) ( ) ( ) 0yz y z dx xz x z dy xy x y dz      .

Q4) a) Find the integral surface for the differential equation: [6]
2 2

x yzx Z yz Z y x    passing through intial curve (2s,s,s).

b) Verify that the pfaffian differential equation is integrable and find the
corresponding integral of (1 ) ( ) (1 ) 0yz dx z z x dy xy dz      . [6]

c) Find the complete integral of 2
x y zxU yU U   by Jacobi’s method. [4]

Q5) a) Find by the method of characteristics, the integral Surface of p q = x y
which passes through curve z = x, y = 0. [8]

b) Find d' Alembert’s solution of one dimensional wave equation which
describes the vibration of infinite string. [4]

c) Reduce the equation  Uxx + x Uyy=0 in the region x < 0 to canonical form
and solve. [4]

Q6) a) State and prove Harnack’s theorem. [8]

b) Find the solution of the Heat - equation in an infinite rod which is defined
as: [8]

, , 0t xxU kU x t     

( ,0) ( ),U x f x x    
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Q7) a) If U(x, y) is harmonic in a bounded domain D and continuous in D D B 
then U attains it’s maximum on the boundary B of D. [8]

b) State and prove Harnack’s theorem. [6]

c) Classify the following equation into hyperbolic, parabolic or elliptic type[2]
2

2 cos coshy
xx yz zu u xu e u z    .

Q8) a) Use Duhamel’s principle and solve the non homogeneous wave [8]

equation 2 ( , ), , 0tt xxu c u F x t x t      

with conditions: ( ,0)( , 0) 0t xu x u x      .

b) Find the solution of Dirichlet’s problem for the upper half plane which is
defined as: 0 ; , 0xx yyu u x y       [8]

( ,0) ( ),u x f x x      with the condition that u is bounded as ,y 

u and u
x
 vanish as |x|  .

E E EE E EE E EE E EE E E
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MATHEMATICS

MT-703 :Mechanics

(2008 Pattern) (Semester - III) (Credit System)

Time : 3 Hours]  [Max. Marks : 80

Instructions to the candidates:

1) Attempt any five questions.

2) Figures to the right indicate full marks.

P 1787 [Total No. of Pages :3

SEAT No :

Q1) a) Explain the following terms: [6]

i) Linear momentum

ii) Generalized momentum

iii) Angular momentum

b) A particle of mass m moves in one dimension such that it has the

Langrangian 
2 4

2 2m x
L = + mx V(x) -V (x)

12
, where V is some differentiable

function of x. Find the equation of motion for x(t) and describe the
physical nature of the system on the basis of this equation. [5]

c) A particle is constrained to move on the surface of a cylinder of fixed
radius. Find the Lagrange’s equation of motion. [5]

Q2) a) Use D’ Alembert’s principle to determine the equation of motion of a
simple pendulum. [6]

b) Explain the D’ Alembert’s principle and derive Lagrange’s equations of
motion using the same. [10]

P.T.O.



2[5321]-33

Q3) a) Explain Atwood machine and discuss its motion. [7]

b) Find E-L differential equation satisfied by twice differentiable function

y(x) which extremizes the functional 
2

1

′
x

x

I(y(x))= f(x, y,y ) dx  where y is

prescribed at the end points. [7]

c) Explain the Basic lemma. [2]

Q4) a) Describe the Routh’s Procedure to solve the problem involving cyclic
and non-cyclic co-ordinates. [6]

b) Prove that angular momentum of a particle in a central force field remains
constant. [5]

c) Show that the Hamilton’s Principle 
0

δ 
t

t

Ldt = 0  also holds for the non-

conservative system. [5]

Q5) a) If the Lagrangian function does not contain time t explicity, show that the
total energy of the conservative system is conserved. [7]

b) State Modified Hamilton’s Principle. [2]

c) Explain Legendre transformations and the Hamiltonian equations of
motion. [7]

Q6) a) Explain the Principle of least action. [3]

b) Prove that field force motion is always motion in plane. [5]

c) Prove the Kepler’s third law of planetary motion. [8]
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Q7) a) Prove that Poisson brackets are invariant under canonical transformation.
[8]

b) Infinitesimal rotation of a right body with one point fixed is commutative.
Also find the inverse matrix of infinitesimal rotation. [8]

Q8) a) Find extremal of the functional 
2

2

π

′= − 2

0

I (y y + 2xy) dx , subject to the

conditions that 0
2

π  = 
 

y(0)= 0,y [8]

b) Prove that a co-ordinate which is cyclic in the Lagrangian is also cyclic
in the Hamiltonian. [8]

 
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Q1) a) Define following terms with suitable example. [6]

i) σ - algebra.

ii) Outer Measure.

iii) Signed measure.

b) Let {E
i
} be a sequence of measurable sets. If 1 2E E .....,⊆ ⊆  then show

that μ(limE
i
) = lim μ(E

i
). [5]

c) Let f be a bounded measurable function defined on the finite interval

(a, b) then show that ( ) ( )lim sin 0
b

a

f x x dx
β

β
→∞

= . [5]

Q2) a) Let {(Xα, Bα.μα)} be a collection of measurable spaces, and suppose
that the sets {Xα} are disjoint and define

( )[ ]{ }X X , B: XBα α αα= = ∩ ∈ B B  and ( ) ( )B B Xα αμ μ=Σ ∩ . Show

that B is a σ - algebra. [6]

b) Let (X, B, μ) be a measure space and Y ∈ B. Let BY consist of those
sets of B that are contained in Y and μY(E) = μ(E) if E ∈ BY. Then
show that (Y, BY, μY) is a measure space. [5]

c) Show that μ(E
1
 Δ E

2
) = 0 implies μE

1
 = μE

2
 provided that E

1
, E

2
 ∈ B.

[5]

P.T.O.
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Q3) a) Let c be any real number and let f and g be real valued measurable
functions defined on the same measurable set E. Show that f + c, cf,
f + g, f – g and fg are measurable. [6]

b) Let {A
n
} be Borel sets and let α

n
 be the Hausdorff dimension of A

n
.

Find the Hausdorff dimension of 
1

A Ann

∞

=
= . [5]

c) Show that each nonempty open set G in   is a union of disjoint open
intervals at most countable in number. [5]

Q4) a) Suppose that to each α in a dense set D of real numbers there is assigned
a set Bα ∈ B such that Bα ⊂  Bβ for α < β. Then show that there exist a
unique measurable extended real valued function f on X such that f α≤

on Bα and f α≥  on X ~ Bα. [6]

b) Let F be a bounded linear functional on Lp(μ) with 1 p≤ <∞  and μ a
σ - finite measure. Then show that there is a unique element g in Lq where

1/p + 1/q = 1,  such that ( )F f fg dμ=   with F
q

g= . [6]

c) Give an example of  a function such that | f | is measurable but f is not.[4]

Q5) a) Let μ* be a topologically regular outer measure on X then prove that
each Borel set is μ* - measurable. [6]

b) If {f
n
} be a sequence of nonnegative measurable functions then show

that 
1 1

n n
n n

f f
∞ ∞

= =

=  . [6]

c) Show that if f is a non-negative measurable function, then f = 0 a.e. if and

only if 0f dx = . [4]

Q6) a) Let (X, B, μ) be a σ - finite measure space and let υ be a measure
defined on B which is absolutely continuous with respect to μ. Then
prove that there is a nonnegative measurable function f such that for each

set E in B we have 
E

E = f dυ μ . [6]
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b) Let <f
n
> be a sequence of measurable functions that converge to a function

f except at the points of set E of measure zero. Then prove that f is a
measurable function if μ is complete. [6]

c) Let B be a μ*-measurable set with μ*B < ∞  then prove that μ
*
B = μ*B.

[4]

Q7) a) Let μ be a measure on an algebra     and μ* the outer measure induced
by μ. Then prove that the restriction μ  of μ* to the μ* - measurable
sets is an extension of μ to σ-algebra containing    . [8]

b) If μ* is a Caratheodory outer measure with respect to Γ  then prove that
every function in Γ  is μ*-measurable. [8]

Q8) a) State and prove Fatou’s Lemma. [6]

b) Let μ be a finite measure defined on σ-algebra which contains all the
Baire sets of a locally compact space X. If μ is inner regular then show
that it is regular. [6]

c) Give an example of a non measurable set. [4]


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�� .�	�	������	������	
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( ) ( )
,

,
u v

D T d u v= ∑ ����	
��2���������"������ �	�

�	� �� .�	� ( ) ( ),G Gα β′ ′ � �����+��� ����	���
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��� �� ������	����
���
���
����� ( ) F[ ]f x x∈ �	����������������
�
�������������

��������������� ( )f x ������
���	����
���
������������������������� �
�
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���
�������
����������������
���������	����
��������
����

���
��	�����������
��� ���

	� '�������� 3 1 [ ]x x x− − ∈� ��������
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��� [ ] [ ][ ]K : F K : E E : F= �
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Total No. of Questions : 8]

[5321]-43
M.A./M.Sc.

MATHEMATICS
MT - 803: Differentiable Manifolds

(2008 Pattern) (Semester-IV)

Time : 3 Hours]  [Max. Marks : 80

Instructions to the candidates:

1) Attempt any five questions.

2) Figures to the right indicate full marks.

P 1792 [Total No. of Pages :3

SEAT No :

Q1) a) Define orientation of a manifold M and induced orientation on M∂ . [4]

b) State Green’s theorem for compact, oriented 2-manifold. [4]

c) Let ( )2 3: 0, 1α →  be given by ( ) ( )2 2, , , 1u v u v u vα = + + . Let Y be

the image set of α. [8]

Evaluate 2 2 3 1 3 1 3Y
x dx dx x x dx dx∧ + ∧ .

Q2) a) What is the dimension of A (V)k , the space of alternating k - tensors on

an n dimensional vector space V? Justify. [8]

b) State Stoke’s theorem. [4]

c) Define a closed form and give an example. [4]

Q3) a) Let U be an open set in n  and : U nf →  be a class Cr. Let

{{M : ( ) 0 and N : ( ) 0x f x x f x= = = ≥ . If M is nonempty and Df(x) has

rank one at each point of M, then prove that N is an n - manifold in n
and N M∂ = . [8]

b) Define an exact form and give an example. [4]

c) Give an example of a manifold without boundary. Justify. [4]

P.T.O.
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Q4) a) Define the differential operator d and for any k - form ω , show that
( ) 0d dω = . [7]

b) Show that g(X, Y, Z) = det
i i i

j j j

k k k

x y z

x y z

x y z

 
 
 
 
 

 is an alternating 3 - tensor on

n . Further, express g as a combination of elementary tensors. [6]

c) Define volume of parametrized surface in n . [3]

Q5) a) Let F be a k - tensor. With usual notation, if  ( )
S

AF sign F
k

σ

σ
σ

∈
=  , then

prove that AF is an alternating tensor. Find AF if F is already alternating.[7]

b) If 2 xx yzdx xyzdy ze ydzω = + +  and sin 2yz xdx xyzdy xyzdzη = + + ,

then find ( )ω η∧ . [5]

c) Define an alternating tensor and give an example. [4]

Q6) a) Let M be a k - manifold in n . If M∂  is nonempty, then prove that M∂
is a k - 1 manifold without boundary. [7]

b) If 2 2 2 cos findzx yz dx xz ydy xye dz dω ω= + + . [5]

c) Find the tangent plane 2 1 1
T (S ) where , ,0

2 2
p p

 ≡  
 

. [4]

Q7) a) With usual notation, show that * *( ) ( )d dα ω α ω= . [8]

b) Let 2A {0}= − . If 2 2

xdx ydy

x y
ω +=

+ , then show that ω  is closed and

exact on A. [8]
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Q8) a) It T : V W→  is a linear transformation, and if f and g are alternating

tensors on W, then prove that * * *T ( ) T Tf g f g∧ = ∧ . [8]

b) Let 2 2 2 ,y zdx x zdy x ydzω = + +  and 2( , ) ( , , )u v u v uv uα = − . Find
*( )dα ω . [8]


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MATHEMATICS
MT-805: Lattice Theory

(2008 Pattern) (Semester - IV)
Time : 3 Hours] [Max. Marks : 80
Instructions to the candidates:

1) Attempt any five questions.
2) Figures to the right indicates full marks.
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Q1) a) Prove that L is distributive so is I(L). [5]

b) Prove that a poset (L, <) is a lattice if and only if sup(H) and inf(H) exist
for any nonempty finite subset of H of L. [6]

c) If a poset satisfies Ascending Chain Condition then prove that  it has
maximal element. [5]

Q2) a) Draw all non isomorphic lattice with six element. [5]

b) Prove that homomorphic image of distributive lattice is distributive. [6]

c) Let  be a congruence relation on L then prove that for ,[ ]a L a   is
convex sublattice of L. [5]

Q3) a) Prove that I is a prime ideal of L if and only if there is a homomorphism
 of L onto C2 with 1(0)I  .  [5]

b) Let I be an ideal and let D be dual ideal if ,I D   then prove that
I D is convex sublattice and every convex sublattice can be expressed
in this form in one and only one way. [7]

c) Draw Hasse diagram of divisors of 30 with a b  if and only if a
divides b. [4]

P.T.O.
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Q4) a) Prove that in a bounded distributive lattice, an element can have only one
complement. [6]

b) If P be a poset, H  exists for all H P  then prove that P is complete
lattice. [6]

c) Prove that collection of all complemented elements in a distributive lattice
forms a sublattice. [4]

Q5) a) Define: Distributive Element, Normal Element, Neutral Element. [5]

b) Prove that a collection of subgroup of any group G is lattice L(G). [6]

c) Prove that every ideal I of a distributive lattice is the intersection of all
prime ideals containing it. [5]

Q6) a) Prove that every homomorphic image of a lattice L is isomorphic to a
suitable quotient lattice of L. [5]

b) Let L be distributive lattice, ,a b L  and ,a b  then prove that there exist
a prime ideal P of L containing exactly one of a and b. [5]

c) Prove that a lattice is Boolean if and only if it is isomorphic to ring of
sets. [6]

Q7) a) Prove that a lattice L is modular if and only if it does not contain a
sublattice isomorphic to N5. [9]

b) Prove that every modular lattice is semimodular. Is the converse true?
Justify your answer. [7]

Q8) a) Prove that every distributive lattice satisfies median condition. [3]

b) State and prove Jordan-Holder Theorem for semimodular lattices. [7]

c) Let L be a bounded distributive lattice with 0 1 . Then prove that L is a
Boolean lattice if and only if P(L) is unordered. [6]

E E EE E EE E EE E EE E E
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