Mathematics

Time: 2 hours

Note: CQuestion number 1 to 8 carmes 2 marks each, 9 to 16 cammies 4 marks each and 17 to 18 carres
6 marks each

Q1. A person goes to office either by car, scooter, bus or train probability of which being

respectively. Probability that he reaches office late, if he takes car, scooter, bus or

and -;; respectively. Given that he reached office in time, then what is the p«s@ travelled

by a car

Sol letC, 5. B, Tbe the events nr the persnn going I:n,f car, scooter, bus reggectively.

Given that P(C) ==, P(SI==, P(B)= == P(M)=
Let L bethe event of the person rear:hu*g the affme in time. 0

Tk - :,_
e(E)-L, p[E]- B,F,(L:E,p!g}rﬁ
c) ¢ |s) 9''(B) &' |T)/ 9
-
3
P = |P(C
ey Ple)fe
=2 = | = — =
L P{L}

a2 Find the range of values of t for

Sol Lety =2sint

. _LJ..F_! EJ
"M 11072

Q3. Circles with radil 3, 4 and S touch each other externally If P is the point of intersaction of tangents to
these circles at their points of contact Find the distance of P from the points of contact



Sol

Q4.

Qs.

Sol

Qe.

Q7

Sol

Let A, B, C be the centre of the three circles
Clearly the poirt P is the in—centre of the AABC, and
hence
_A_ys(s-al(s-b)(s-¢c) fs_a)}s_b)s—c)
s s ¥ s
Mow Z2a=T7+B8+9=24=8=12,

Hence r= %:Jﬁ

Find the equation of the plane containing the line 2x -y +z-=3=03x+y+z=5and at g o
1

— from the point (2, 1, = 1)

Je&

Let the equation of plane be ({34 + 2)x + (A -1y + (A + 1)2-5L-3=0
Bh+d+A-1-4-1-6A-3 1

GBr+2F + (-0 + (A +1) u_’é' .
rsﬁ{l~1}==1112+121+6==?h.=l:|'. 1;—4

= The planes are 2x -y +z -3 =0 and 62 + 28y + 192 1 =

If [f{xs) — f(xa)] < (%: — %2)°, for all x,, x; R. Find the langent to the curve y = fix) at the

point (1, 2).
If (xq) = (Xa)| < (%3 = %2) &

= lim ) '”szl-- |IITI | %= %2 | < 5@t (x)=0
x| Ky — Mg

Hence f (x) Is a mrrstsnt i'unc:tll:n ies on the curve
= f () = 2 s the curve,
Hence the equation of tangent gy —

If total number of runs nW matches IS {2""' = n=2)where n > 1, and the runs scored

in the K™ match are gi mI% where 1 _Hanmdn

n
?'1Zk?" 2ol L " (sumofthe AGP)
gt . EI‘I 2“1

of the triangle formed by the Intersection of a line parallel to x-axis and passing through
k) with the lines y = x and x + y = 2 is 4h* Find the locus of the paint P,

Areanftriangla=%.nanc=4h= F=A
and AB= 42 |k-1| = AC Ag1,1)
1
=422 k-1)f K, CR-kk _y=k

=k-1=+2h Ph.k) \ i
oo isy=Di+1, y==-20+1 3} *
&FE




Q8.

Sol

Qse.

Sol

Q10.

Sol

® f " ’ 5
Evaluate Ie"“""‘i Esin[%msx | ¢ 3cos %wax |J sin x dx
[ : ' .

LY

7 (1 \ 1 o
- s x| I * | X
| IE] [EHHI‘LEC’DEK’.+3WE[2WSH] sin ¥ dx

) il

e 1 g 0 if 1{2a- x)=—f(x)
- EOEN g “e = .

E_!e smxcm(zcnﬂ]dx -!f{ﬂ'i" Fl[;{xjm, if f(2a - x) = (x)

0 J

Letcosx =t

1

[

I= ! cos| —

E_!e msszdt

ra|
3| =

24( 1 ) [ !
- ?ixecust-:?} mnm ,]_1,- Q
Incident ray s along the unit vector v and the reflected ray is
along the unit vectorw ., The normal is along unit vector a
outwards. Express w intermsof 8 and ¥.

v is unit vector along the incident ray and W
is the unit vector along the reflected ray.
Hence a is a unit vector along the external
bisector of v and w , Hence =t
W-Vv=17a

=1+1=W:¥=22
or2-2cos 26 = A’
ori=2siné

where 20 is the angle between ¥
Hence w - v = 2sinfa = 2cos
= W=v-2(a-via

2
on the hyperbola .%. - I&- =1 to the circle x* + y* = 9. Find the

2
Tangents are drawn fr

locus of mid-pogt of the of contact
® 2 2 :
Any point on rbola E_T:1 I5 (3 sech, 2 tana)
the circle x” + y* = 9 with respect ta the point (3 sec 8, 2tan 8} is
y=8 (1)
the mid—paint of the chord of contact.
on of chord in mid-poirt form is xx; + yyy = xy° + yy° (2)
and (2) represent the same line,

; . 2tang - 9
¥4 :":1! f '!"l2
Ox

;:EEGE!=—2T' = .T.EII'IH=—§¥1 2

3[“1 +¥y } 2["‘1 Y1 )

2 2
1

Uanaa By By, _1

9" + v’ ]2 axf + v }2
2

i

X :[3(2+‘g|’

9

2
— the required locus is - % 3



Q11.

Sol

aiz.

Sol

Q13.

Sol

Find the equation of the common tangent in 1% quadrant to the circle x° + y° = 16 and the ellipse
2 b
% + % =1 Also find the length of the intercept of the tangert between the coordinate axes

Let the equations of tangents to the given circle and the ellipse respectively be
Yo= o+ A4+ rnz

and y = mx+ y25m° + 4

Since both of these represent the same comman tangent,

a1+ = J25m + 4
= 16(1 + m’) = 25m" + 4

2
S M= —
3
The tangent is at a point in the first quadrant == m <0
:;m:-%, so that the equation of the common tangent is ()
2 7
| Y. W .
¥ Jﬁ X 3 ¢
f
It meets the coordinale axes at A[Eﬁ, D] and E| 0, 4&1
\ ] < ’
14
= AR =—
3
If length of tangent at any point on the curve y, iMgLcepted between the point and the x—axis is of

length 1. Find the equation of the curve.

unded by the given curves
=-yandy’ =4dx—3 s
rical about the x—axis. The parabolas = y
y’ = 4x — 3 touch at the point (1, 1)
Moreover the vertex of the curve

yV=dx—3isat (% D]

Heme the area of the region

jx?ax _[Jmc_acu

Brd

1]
L)

|-" \

=Qx_
3

/0

ap2f |=of1-1].1
--(4:: ]mw'zz_a &g T



Q14. If one of the vertices of the square circumseribing the circle [z — 1] = 2 s 2 ++f3 i. Find the other
vertices of square.

Sol  Since centre of circle i.e, {1, 0} is also the
mid—point of diagonals of square

Zy+2Z 1
e Bk i

1
and —1 =e*/2

=» other vertices are
73 2= (1-3) +land (1+3)-i.

Q16. Iff{x-y}=T{x)gly)-Tly) g(xjandg(x—y)=gix) gy)+T(x). f(y)foral x ‘:’O hand

derivative at x = 0 exists for f (x). Find derivative of g (x) atx = 0.

Sol flx—y)=T{xja(y)-f(y)ax) - (1) < ’
Putx =y in (1), we get
foy=0

puty = 0in (1), we get A
g(0)=1
Now, F (00 = fim 10N =1O) - iy ftﬂ}g{-h}—giﬂ)ft—h}—t)
h 0" h 0" R

= f{-h) - y
- hlfru'r_ -h (f{0)=0)
= lim ,f{u_h}_ ﬁD}

b’ h
= (07).

Hence f (x) is differentiable at x = 0.

Puty =xing{x—y)=g(x) g (y) +1(x). &)
sof (x)+g°(x) =1
=g (})=1-F(x)

Q16. |If p{x) be a polynomial of d@8 satisfying p{-1) = 10, p{1) = -6 and p{x) has maximum at x = -1
and p'(x) has minima a Figy the distance between the local maximum and local minimum of the
cunve.

Sol  Letthe polynomigl be P i+ b + ox + d

[ v mn@mns
=10
_5
—2b+c=0
Ga+Zb=0=3a+b=0
b, ¢, dwe get

-Ox+5

=3 - Bx — 9= 3(x+ 1)(x - 3)

=1 is the point of maximum and x = 3 is the point of minimum.
nee distance between (-1, 10) and (3, -22) is 4485 units

017. fix) Is a differentiable function and g (x) is a double differentiable function such that |f (x)| < 1 and
Fix) = g (x). ¥ £ (0) + g° (0) = 8. Prove that there exists some ¢ = (— 3, 3) such that g (c). g"{c)< 0.

Sol Let us suppose that both g (x) and g* (x) are positive for all x « (-3, 3)
Since f? (0)+g° (0)=9and-1<f(x)<1,242 <g(0) <3
From f (x} = g (x), we get

f0 = [ o +1(-3)
8



Moreover, g” (x) is assumed to be positive
= the curve y = g (x) is open upwards.

L
If g (%) |s decreasing, then for some value of x Ig{x}d&r > area of the rectangle (0 - (-3))2 J2
3
—f(x)> 242 «3-1ie F{x)>1which is a cortradiction
=
If g (%) Is increasing, for some value of x jg[x}dx > area of the rectangle (3 — 0))22
3
= f(x) > 2+/2 <3 -1 f(x)>1which is a contradiction
u
IF g{x) is minimurm at x = 0, then I gix)dx > area of the rectangle (3 — 0)2+2
3
= f(x) > 242 <6-1ie (%) > 1 which is a contradiction
Hence g (x) and g* (x) cannot be both positive throughout the interval (-3, 3).
Similarty we can prove that g(x) and g*(x) cannot be both negative throughout TN al (-3, 3)

Hence there is atieast one value of ¢ « (-3, 3) where g (x) and g" (u‘@pm&ite sign

=g(c).g"(c)<0.

Alternate; 0
3 3
faaax = [oax =1(3) =1 (0) &

3
::Ijg{x}dx <2 (1)
']

In the same way

3
- oo
0

From (1(0))° + (g (0))°
we get

247 <g(0)<3

o L

o
jgtxjdx
-3

+

L
Iﬁ!m <
8

hich is a contradiction from equation (3),
. @ () will be concave dowrnward for somec (-3, 0)
e(-3,ile g e)<0 ... (6)

also at that point c

g (¢} will be greater than 242

=glcy=0 w7}

From equation (6) and (7)

g(c). g"(c)<0forsomec = (=3, 3).



Q18.

Sol

Casell: 3<g(0)<-242
Let g (x) is concave downward ¥ x (-3, 3) 3.0 (3,0)
then the area

1] 3
| gixiex v\]gxldk - 642
-3 a

which is a contradiction from equation {3).

< 8 (%) will be concave upward for some
ce(-3 3)ieg'(c)>0 ...(8)
also at that point ¢

g (c) will be less than -2+/2
—g(c)<0 skl O
From equation (&) and (9)
g(c). g* (c)<0forsomec = (-3, 3), O
-da? <43 1- f(-1) .332 i Eﬂ
If (46 4b 1|| f{1) |=|3b° +3b|, f{x) is a quadratic function a axium value occurs at a

ac? 40 1|12 |3c?+3c)
point V. A is a point of intersection of y = f (x) with x-axis and ;@ such that chord AB subtends a

right angle at V. Find the area enclosed by f (x) and ch :
Let we have
4% (-1)+daf()+f(2)=3a+3a ﬂ

)

4b f(—1) + 4bf (1) +F(2) = 3b% + 3b
A2 f(-1) +4cf(1)+f(2)=3c%+3¢
Consider a quadratic equation
4::’!{-1]+4Mf£1]+l‘{2}=3x?+31
or [4f (=1) = 3] x" + [4f (1) = 3] x +1

(4)

As equation (4) has three roots | e is an identity
=2 yp=2
>1(-1)=7.1(1)= 7 and (20
.2
=10 = 42X ®
Let point A be (-2, 0} bl (2t —t* + 1)

angle at the vertex






